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Introduction

The complex analysis is one of the classical branches of mathematics and has
its roots in the XVIII century. The two important directions of complex analysis
are the theory of conformal representations and the geometric theory of analytic
functions.

The geometric theory of one variable functions became a special branch of the
complex analysis in the twenty century when the first important papers of this
branch appeared, due to P. Koebe [34] (1907), T.H. Gronwall [27] (1914), [28] (1916),
J.W. Alexander [4] (1915), L. Bieberbach [8], [9] (1916).

Important romanian mathematicians had a great role in the developing of this
domain of mathematics. We remember here just two of them, from Cluj. One is
G. Călugăreanu, who obtained important results in the field of univalent functions
and in the field of meromorphic functions and the other is P.T. Mocanu, who in-
troduced the concept of α-convexity, obtained univalence criteria for non-analytic
functions, initiated and developed (in collaboration with S.S. Miller) the differential
subordinations method and, more recently, the differential superordinations method.

In the first chapter we present the classes H[a, n], A, S, Σu and Σ0, some spe-
cial subclasses of the class of univalent functions (starlike, convex, close-to-convex
functions), the subordination, the method of differential subordinations, the ”Open
Door” ţheorem and the theorem relative to the order of starlikeness of the class
Iβ,γ(S

∗(α)). The penultimate section of this chapter contains two original results
which are relative to a subclass of starlike functions and to a subclass of convex
functions of order α. These results are published in [89].

In Chapter 2 we present some classical results and concepts regarding the Briot-
Bouquet differential subordinations and superordinations.

In Chapter 3 we study the meromorphic functions with the unique simple pole
z = 0.

In section 3.1 are presented the starlikeness and the convexity conditions for
these functions and in section 3.2 are presented some starlikeness properties for a
well-known integral operator.

The last three sections of this chapter contains only original results which are
published in [90] and [92].

In section 3.3 are defined the class of inverse-starlike functions and the class of
inverse-convex functions and are given analytical characterizations, duality theorem
and distortion theorem.

In section 3.4 we define the class of close-to-convex functions and we state and
prove two theorems which give a connection between this new class and the class of
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inverse-convex functions.
In section 3.5 is defined an integral operator, denoted by JΦ,ϕ

α,β,γ,δ and some im-
portant properties regarding this operator are presented. There are also presented
some starlikeness properties for the particular integral operator J1,1

β,β,γ,γ, more simply
denoted by Jβ,γ.

In Chapter 4 we study the meromorphic multivalent functions and all the results
presented in this chapter are original and are published in [91] and [93].

In section 4.1 is defined an integral operator, denoted by JΦ,ϕ
p,α,β,γ,δ, and an exis-

tence theorem, with respect to this operator, is given.
In the sections 4.2 and 4.3 are studied the preserving properties of some new

subclasses, when we apply the particular integral operators Jp,β,γ and Jp,γ.
In section 4.4 is considered a multiplier transformation, denoted by Jn

p,λ, and a
new subclass of meromorphic multivalent functions is defined using this transfor-
mation and the condition from starlikeness. Then the preserving properties of this
subclass are studied, when the integral operator Jp,γ is applied.

Finally, in the last chapter we define new subclasses of meromorphic multivalent
functions using the subordination and the superordination and we establish the
conditions such that when we apply one of the integral operators Jp,β,γ or Jp,γ to a
function which belongs to one of these subclasses, we get a function which belongs
to a similar class.

Also, the full bibliography is included.

Keywords: starlikeness, convexity, close-to-convexity, subordination, superor-
dination, integral operators, meromorphic functions, meromorphic multivalent func-
tions
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Chapter 1

Concepts and preliminary results.
Applications

In this chapter we present the classes H[a, n], A, S, Σu and Σ0, some spe-
cial subclasses of the class of univalent functions (starlike, convex, close-to-convex
functions), the subordination, the method of differential subordination, the ”Open
Door” ţheorem and the theorem relative to the order of starlikeness of the class
Iβ,γ(S

∗(α)).
The penultimate section of this chapter contains two original results which are

relative to a subclass of starlike functions and to a subclass of convex functions of
order α. These results are published in [89].

We mention that the concepts and the results presented in this chapter may be
also find in the first three chapters of the book ”Differential Subordinations. Theory
and Applications” written by S.S. Miller and P.T. Mocanu (see [52]).

1.1 The classes H [a, n], A, S, Σu and Σ0

First we present some of the notations which we use in this paper.
The disc of center a and radius r is denoted by U(a, r), where a ∈ C and r > 0, so

U(a, r) = {z ∈ C : |z − a| < r}.

We denote by U the unit disc, U(0, 1), and by UR the disc U(0, R).
Let H(U) be the set of holomorphic functions in U , Hu(U) the set of holomorphic
and univalent functions in U and for a ∈ C and n ∈ N∗ we denote

H[a, n] = {f ∈ H(U) : f(z) = a + anzn + an+1z
n+1 + . . .}

and
An = {f ∈ H(U) : f(z) = z + an+1z

n+1 + an+2z
n+2 + . . .}.

We denote by A the set A1.
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Let S be the class

S = {f ∈ A : f is univalent in U}.

Let Σu be the class of meromorphic univalent functions defined on U−, where
U− = {ζ ∈ C∞ : |ζ| > 1}, of the form

ϕ(ζ) = ζ + α0 +
α1

ζ
+ · · ·+ αn

ζn
+ · · · , |ζ| > 1

and Σ0 = {ϕ ∈ Σu : ϕ(ζ) 6= 0, ζ ∈ U−}.

1.2 Starlike and convex functions

Definition 1.2.1. [64] Let f ∈ H(U) be the function with f(0) = 0. We say that
f is starlike in U with respect to zero ( or more simply, starlike)if the function f is
univalent in U and f(U) is a starlike domain with respect to zero, this meaning that
for each z ∈ U the line segment joining 0 and f(z) lies entirely in f(U).

Theorem 1.2.1. [64](the theorem of analytical characterization of starlike-
ness)Let f ∈ H(U) be a function with f(0) = 0. Then f is starlike if and only if
f ′(0) 6= 0 and

Re
zf ′(z)

f(z)
> 0, z ∈ U.

Definition 1.2.2. We denote by S∗ the class of normalized starlike functions on
the unit disc U , so

S∗ =

{
f ∈ A : Re

zf ′(z)

f(z)
> 0, z ∈ U

}
.

Definition 1.2.3. [64] Let f : U → C be a holomorphic function. We say that f is
convex on U (or more simply, convex) if f is univalent in U and f(U) is a convex
domain.

Theorem 1.2.2. [64](the theorem of analytical characterization of conve-
xity)Let f ∈ H(U). Then f is convex if and only if f ′(0) 6= 0 and

Re
zf ′′(z)

f ′(z)
+ 1 > 0, z ∈ U.

Definition 1.2.4. [64] We denote by K the class of normalized convex functions
on the unit disc U , so

K =

{
f ∈ A : Re

zf ′′(z)

f ′(z)
+ 1 > 0, z ∈ U

}
.
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1.3 Starlike and convex functions of some order

Definition 1.3.1. [64] Let α < 1. We define:

• The class of starlike functions of order α as

S∗(α) =

{
f ∈ A : Re

zf ′(z)

f(z)
> α, z ∈ U

}
.

• The class of convex functions of order α as

K(α) =

{
f ∈ A : Re

zf ′′(z)

f ′(z)
+ 1 > α, z ∈ U

}
.

It is obvious that for α = 0 we have S∗(0) = S∗ and K(0) = K.

1.4 Close-to-convex functions

Definition 1.4.1. [64] The function f ∈ H(U) is said to be close-to-convex if there
exists a convex function ϕ (defined on U), such that

Re
f ′(z)

ϕ′(z)
> 0, z ∈ U.

Definition 1.4.2. [64] We denoted by C the class of normalized close-to-convex
functions, defined on U , so

C =

{
f ∈ A : (∃)ϕ ∈ K, Re

f ′(z)

ϕ′(z)
> 0, z ∈ U

}
.

1.5 Subordination

Definition 1.5.1. [64] Let f and F be members of H(U). The function f is said
to be subordinate to F , written f ≺ F or f(z) ≺ F (z), if there exists a function w
analytic in U , with w(0) = 0 and |w(z)| < 1, and such that f(z) = F (w(z)).

Theorem 1.5.1. [73], [64] Let f, g ∈ H(U) and suppose that g is univalent in U .
Then f ≺ g if and only if f(0) = g(0) and f(U) ⊆ g(U).
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1.6 Differential subordinations method. General

form

In the papers [44] and [45], S.S. Miller and P.T. Mocanu introduced the theory
of differential subordinations, which was developed in many other papers.

Definition 1.6.1. [64] Let ψ : C3 × U → C and let h be univalent in U . If p is
analytic in U and satisfies the ( second order ) differential subordination

ψ(p(z), zp′(z), z2p′′(z); z) ≺ h(z),(1.1)

then p is called a solution of the differential subordination. The univalent function
q is called a dominant of the solutions of the differential subordination, or more
simply, a dominant, if p ≺ q for all p satisfying (1.1). A dominant q̃ that satisfies
q̃ ≺ q for all dominants q of (1.1) is said to be the best dominant of (1.1). ( Note
that the best dominant is unique up to a rotation of U ).
If we require the more restrictive condition p ∈ H[a, n], then p will be called an
(a, n)-solution, q an (a, n)-dominant, and q̃ the best (a, n)-dominant.

1.7 The class of admissible functions. Fundamen-

tal theorems

Definition 1.7.1. [64] We denote by Q the set of functions f that are analytic and
injective on U \ E(f), where

E(f) =

{
ζ ∈ ∂U : lim

z→ζ
f(z) = ∞

}
,

and they are such that f ′(ζ) 6= 0 for ζ ∈ ∂U \ E(f). The subclass of Q for which
f(0) = a, is denoted by Q(a).

Definition 1.7.2. [45], [46], [64] Let Ω ⊂ C, q ∈ Q and n ∈ N, n ≥ 1. We denote
by Ψn[Ω, q] the class of the functions ψ : C3 × U → C which satisfies the condition

(A) ψ(r, s, t; z) 6∈ Ω when

r = q(ζ), s = mζq′(ζ), Re

[
t

s
+ 1

]
≥ mRe

[
ζq′′(ζ)

q′(ζ)
+ 1

]
,

where z ∈ U, ζ ∈ ∂U \ E(q), m ≥ n.

The set Ψn[Ω, q] is said to be the class of admissible functions and the condition (A)
is said to be the admissibility condition.

Theorem 1.7.1. [47], [64] Let ψ ∈ Ψn[Ω, q] where q(0) = a. If the function p ∈
H[a, n] satisfies the condition

ψ(p(z), zp′(z), z2p′′(z); z) ∈ Ω, z ∈ U,

then p(z) ≺ q(z).
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1.8 Two subclasses of special functions

The results presented in this section are original and are published in [89]. First
we present a subclass of the class of starlike functions.

Definition 1.8.1. [89] Let α ≥ 0 and f ∈ A such that

f(z)f ′(z)

z
6= 0, α +

zf ′(z)

f(z)
6= 0, z ∈ U.

We say that the function f is in the class Nα if the function F : U → C given by

F (z) = zf ′(z)

(
α +

zf ′(z)

f(z)

)

is starlike in U .

Theorem 1.8.1. [89] For each real number α ≥ 0 we have

Nα ⊂ S∗.

We next present a subclass of the class of convex functions of order α.

Definition 1.8.2. [89] Let α ∈ [0, 1) and f ∈ A with

f(z)f ′(z)

z
6= 0, 1 +

zf ′′(z)

f ′(z)
6= 0, z ∈ U.

We say that the function f is in the class N(α) if the function F : U → C given by

F (z) = zf ′(z)
(
1 +

zf ′′(z)

f ′(z)

)
,

is starlike of order α.

Theorem 1.8.2. [89] For α ∈ [0, 1) we have

N(α) ⊂ K(α).

1.9 ”Open Door” theorem; the starlikeness order

of the class Iβ,γ(S
∗(α))

First we define the ”Open Door” function.
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Definition 1.9.1. [64] Let c be a complex number such that Re c > 0, let n be a
positive integer, and let

Cn = Cn(c) =
n

Re c

[
|c|

√
1 +

2Re c

n
+ Im c

]
.(1.2)

If R(z) is the univalent function defined in U by R(z) =
2Cnz

1− z2
, then the ”Open

Door” function is defined by

Rc,n(z) = R

(
z + b

1 + b̄z

)
= 2Cn

(z + b)(1 + b̄z)

(1 + b̄z)2 − (z + b)2
,(1.3)

where b = R−1(c).

Theorem 1.9.1. [64] [64], [48], [49] (”Open Door” Theorem or Integral Ex-
istence Theorem) Let Φ, ϕ ∈ H[1, n] with Φ(z) · ϕ(z) 6= 0 in U . Let α, β, γ and δ
be complex numbers with β 6= 0, α + δ = β + γ, and Re (α + δ) > 0. Let f ∈ An and
suppose that

α
zf ′(z)

f(z)
+

zϕ′(z)

ϕ(z)
+ δ ≺ Rα+δ,n(z),

where Rc,n is defined by (1.3). If F = IΦ,ϕ
α,β,γ,δ(f) is defined by

F (z) =

[
β + γ

zγΦ(z)

∫ z

0

fα(t)ϕ(t)tδ−1dt

] 1
β

= z + An+1z
n+1 + · · · ,(1.4)

then F ∈ An,
F (z)

z
6= 0, z ∈ U, and

Re

[
β

zF ′(z)

F (z)
+

zΦ′(z)

Φ(z)
+ γ

]
> 0, z ∈ U.

(All powers in (3.2) are principal ones.)

Let Iβ,γ be the operator defined by the identity

Iβ,γ(f)(z) =

[
β + γ

zγ

∫ z

0

fβ(t)tγ−1dt

] 1
β

.(1.5)

Definition 1.9.2. [64] Let β > 0 and γ ∈ R with β + γ > 0. For a given number

α ∈
[
−γ

β
, 1

)
we define the order of starlikeness of the class Iβ,γ(S

∗(α)) as the

biggest number δ = δ(α; β, γ) such that Iβ,γ(S
∗(α)) ⊂ S∗(δ).

The order of starlikeness of the class Iβ,γ(S
∗(α)) was determined ı̂n 1981 by P.T.

Mocanu, D. Ripeanu and I. Şerb ı̂n [65] and this result is next presented.
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Theorem 1.9.2. [65], [64] (the theorem regarding the order of starlikeness
of the class Iβ,γ(S

∗(α))) Let β > 0, β + γ > 0 and let Iβ,γ be the integral operator
defined by (1.5).

If α ∈
[
−γ

β
, 1

)
, then the order of starlikeness of the class Iβ,γ(S

∗(α)) is

δ(α; β, γ) = inf{Re q(z) : z ∈ U},

where

q(z) =
1

βQ(z)
− γ

β
şi Q(z) =

∫ 1

0

(
1− z

1− tz

)2β(1−α)

tβ+γ−1dt.(1.6)

Moreover, if α ∈ [α0, 1), where

α0 = max

{
β − γ − 1

2β
,−γ

β

}

and g = Iβ,γ(f) with f ∈ S∗(α), then

Re
zg′(z)

g(z)
≥ q(−r) =

1

β

[
γ + β

2F1(1, 2β(1− α), γ + 1 + β; r
r+1

)
− γ

]
,

for |z| ≤ r < 1 and

δ(α; β, γ) = q(−1) =
1

β

[
γ + β

2F1(1, 2β(1− α), γ + 1 + β; 1
2
)
− γ

]
,

where the function q is given by (1.6) and 2F1(a, b, c; z) is the second order hyperge-
ometric function.

The extremal function is g = Iβ,γ(k), where k(z) = z(1− z)2(α−1).

12



Chapter 2

Briot-Bouquet differential
subordinations and
superordinations

In this chapter we present some classical results and concepts regarding the
Briot-Bouquet differential subordinations and superordinations.

2.1 Definitions and notations

Definition 2.1.1. [64]

1. A differential Briot-Bouquet operator is an operator which has the form

Φ(p(z), zp′(z)), where Φ(r, s) = r +
s

βr + γ
.

2. Let be h ∈ Hu(U) and p ∈ H(U) with p(0) = h(0). A Briot-Bouquet differen-
tial subordination is a differential subordination of the form

p(z) +
zp′(z)

βp(z) + γ
≺ h(z).

2.2 Dominants for the Briot-Bouquet differential

subordinations

Theorem 2.2.1. [51], [64] Let β, γ ∈ C, β 6= 0 and let h be convex in U, with
h(0) = a. Let n be a positive integer. Suppose that the differential equation

q(z) +
nzq′(z)

βq(z) + γ
= h(z), [q(0) = h(0) = a](2.1)
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has a univalent solution q that satisfies q(z) ≺ h(z). If p ∈ H[a, n] satisfies

p(z) +
zp′(z)

βp(z) + γ
≺ h(z),(2.2)

then p(z) ≺ q(z), and q is the best (a, n)-dominant of (2.2).

Theorem 2.2.2. [51], [64] Let β, γ ∈ C, β 6= 0 and let h be a convex function in
U such that

Re [βh(z) + γ] > 0, z ∈ U.

If the Briot-Bouquet differential equation

q(z) +
nzq′(z)

βq(z) + γ
= h(z), [q(0) = h(0) = a]

has a univalent solution q ∈ Hu(U), then

p(z) +
zp′(z)

βp(z) + γ
≺ h(z) ⇒ p(z) ≺ q(z)

and the function q is the best (a, n) dominant.

2.3 Univalent solutions of the Briot-Bouquet dif-

ferential equation

Theorem 2.3.1. [51], [64] Let β, γ ∈ C and let h be a convex function in U , with

Re [βh(z) + γ] > 0, z ∈ U.

Let qm and qk be the univalent solutions of the Briot-Bouquet differential equation

q(z) +
nzq′(z)

βq(z) + γ
= h(z), z ∈ U, q(0) = h(0),

for n = m and n = k respectively. If m/k, then qk(z) ≺ qm(z) ≺ h(z). So,
qk(z) ≺ q1(z) ≺ h(z).

Theorem 2.3.2. [51], [64]Let β, γ ∈ C with β 6= 0, and let n be a positive integer.
Let Rβa+γ,n be as given in (1.3), let h be analytic in U with h(0) = a, and let
Re [βa + γ] > 0. If

βh(z) + γ ≺ Rβa+γ,n(z),

then the solution q of

q(z) +
nzq′(z)

βq(z) + γ
= h(z),(2.3)

with q(0) = a, is analytic in U and satisfies Re [βq(z) + γ] > 0.
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If a 6= 0, then the solution for (2.3) is given by

q(z) = z
γ
n H

βa
n (z)

[
β

n

∫ z

0

H
βa
n (t)t

γ
n
−1dt

]−1

− γ

β
=

=

[
β

n

∫ 1

0

[
H(tz)

H(z)

]βa
n

t
γ
n
−1dt

]−1

− γ

β
,(2.4)

where

H(z) = z exp

∫ z

0

h(t)− a

at
dt.

If a = 0, then the solution is given by

q(z) = H
γ
n (z)

[
β

n

∫ z

0

H
γ
n (t)t−1dt

]−1

− γ

β
=

=

[
β

n

∫ 1

0

[
H(tz)

H(z)

] γ
n

t−1dt

]−1

− γ

β
,

where

H(z) = z exp
β

γ

∫ z

0

h(t)

t
dt.

2.4 The general theory of differential superordi-

nations

We mention that the results presented in this section were first published by
S.S. Miller and P.T. Mocanu in 2003 in [53].

Definition 2.4.1. [16], [53] Let ϕ : C3×U → C and let h be analytic in U. If p and
ϕ(p(z), zp′(z), z2p′′(z); z) are univalent in U and satisfy the second order differential
superordination

h(z) ≺ ϕ(p(z), zp′(z), z2p′′(z); z),(2.5)

then p is called a solution of the differential superordination . An analytic function
q is called a subordinant of the solutions of the differential superordination, or more
simply, a subordinant, if q ≺ p for all p satisfying (2.5). An univalent subordinant q̃
that satisfies q ≺ q̃ for all subordinants q of (2.5) is said to be the best subordinant.
Note that the best subordinant is unique up to a rotation of U.

Definition 2.4.2. [16], [53] Let Ω be a set in C and q ∈ H[a, n]. The class of
admissible functions Φn[Ω, q], consists of those functions ϕ : C3 × U → C that
satisfy the admissibility condition

ϕ(r, s, t; ζ) ∈ Ω whenever(2.6)

r = q(z), s =
zq′(z)

m
, Re

t

s
+ 1 ≤ 1

m
Re

[
zq′′(z)

q′(z)
+ 1

]
,

where ζ ∈ ∂U, z ∈ U and m ≥ n ≥ 1. When n = 1 we write Φ1[Ω, q] as Φ[Ω, q].
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If ϕ : C2 × U → C, then the admissibility condition (2.6) reduces to

ϕ

(
q(z),

zq′(z)

m
; ζ

)
∈ Ω,

where z ∈ U, ζ ∈ ∂U and m ≥ n ≥ 1.
The next theorem is a key result in the theory of first and second order differential

superordinations.

Theorem 2.4.1. [16], [53] Let Ω ⊂ C, let q ∈ H[a, n] and let ϕ ∈ Φn[Ω, q]. If
p ∈ Q(a) and ϕ(p(z), zp′(z), z2p′′(z); z) is univalent in U , then

Ω ⊂ {ϕ(p(z), zp′(z), z2p′′(z); z) : z ∈ U}

implies q(z) ≺ p(z).

2.5 Briot-Bouquet differential superordinations

Let β, γ ∈ C, Ω1, ∆1 ⊂ C, and p ∈ H(U). In this section we study the
implication:

Ω1 ⊂
{

p(z) +
zp′(z)

βp(z) + γ
: z ∈ U

}
⇒ ∆1 ⊂ p(U),(2.7)

and we are interested in determining the largest set ∆1 ⊂ C for which (2.7) holds.
If the sets Ω1, ∆1 ⊂ C are simply connected domains not equal to C, then it is

possible to rephrase the above expression in terms of superordination in the form:

h1(z) ≺ p(z) +
zp′(z)

βp(z) + γ
⇒ q1(z) ≺ p(z).(2.8)

The left side of (2.8) is called a Briot-Bouquet differential superordination.

Corollary 2.5.1. [16], [54] Let β, γ ∈ C and let h be convex in U with h(0) = a.
Suppose that the differential equation

q(z) +
zq′(z)

βq(z) + γ
= h(z), z ∈ U,

has the univalent solution q with q(0) = a, and q(z) ≺ h(z). If p ∈ H[a, 1] ∩Q and

p(z) +
zp′(z)

βp(z) + γ
is univalent in U , then

h(z) ≺ p(z) +
zp′(z)

βp(z) + γ
⇒ q(z) ≺ p(z).

The function q is the best subordinant.
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Corollary 2.5.2. [16], [54] Let β, γ ∈ C and let the function h ∈ H(U) with
h(0) = a and Re c > 0, where c = βa + γ and suppose that

(i) βh(z) + γ ≺ Rc,1(z).

Let q be the analytic solution of the Briot-Bouquet differential equation

h(z) = q(z) +
zq′(z)

βq(z) + γ

and suppose that

(ii)
zq′(z)

βq(z) + γ
is starlike in U.

If p ∈ H[a, 1] ∩Q and p(z) +
zp′(z)

βp(z) + γ
is univalent in U, then

h(z) ≺ p(z) +
zp′(z)

βp(z) + γ
⇒ q(z) ≺ p(z)

and the function q is the best subordinant.
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Chapter 3

Integral operators on special
subclasses of the class Σ of
meromorphic functions

In this chapter we study the meromorphic functions with the unique simple
pole z = 0.

In section 3.1 are presented the starlikeness and convexity conditions for these
functions and in section 3.2 are presented some starlikeness properties of a well-
known integral operator.

The last three sections of this chapter contains only original results which are
published in [90] and [92].

In section 3.3 are defined the class of inverse-starlike functions and the class of
inverse-convex functions and are given analytical characterizations, duality theorem
and distortion theorem.

In section 3.4 we define the class of close-to-convex functions and we state and
prove two theorems which give a connection between this new class and the class of
inverse-convex functions.

In section 3.5 is defined an integral operator, denoted by JΦ,ϕ
α,β,γ,δ and some im-

portant properties regarding this operator are presented. There are also presented
some starlikeness properties for the particular integral operator J1,1

β,β,γ,γ, more simply
denoted by Jβ,γ.

3.1 Starlikeness and convexity conditions for mero-

morphic functions

Let
ϕ(ζ) = ζ + α0 +

α1

ζ
+ · · ·+ αn

ζn
+ · · · , ζ ∈ U−,(3.1)

be a meromorphic function in U−, with the unique simple pole ζ = ∞. We denote,
as usual, the set E(ϕ) = C \ ϕ(U−), where U− = {ζ ∈ C∞ : |ζ| > 1}.
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Definition 3.1.1. [64] We say that the function ϕ of the form (3.1) is starlike in
U− if ϕ is univalent in U− and the set E(ϕ) is starlike with respect to 0.

Definition 3.1.2. [64] We denote by Σ∗ the class

Σ∗ = {ϕ ∈ Σ0 : ϕ is starlike in U−}.

Definition 3.1.3. [64] Let g(z) =
1

z
+ α0 + α1z + · · ·+ αnzn + · · · , 0 < |z| < 1, be

a meromorphic function in U . We say that g is starlike in U̇ if the function

ϕ(ζ) = g

(
1

ζ

)
, ζ ∈ U−, is starlike in U−.

Theorem 3.1.1. [64] (the theorem of analytical characterization of the
starlikeness for meromorphic functions) Let g : U̇ → C be a meromorphic
function in U of the form

g(z) =
1

z
+ α0 + α1z + · · · ,

such that g(z) 6= 0, z ∈ U̇ . Then the function g is starlike in U̇ if and only if g is
univalent in U̇ and

Re

[
−zg′(z)

g(z)

]
> 0, z ∈ U̇ .

Definition 3.1.4. [64] We say that the function ϕ of the form (3.1) is convex in
U− if ϕ is univalent in U− and the set E(ϕ) is convex.

Definition 3.1.5. Let g(z) =
1

z
+ α0 + α1z + · · ·+ αnzn + · · · , 0 < |z| < 1, be a mero-

morphic function in U . We say that g is convex in U̇ if the function ϕ(ζ) = g

(
1

ζ

)
, ζ ∈ U−,

is convex in U−.

Theorem 3.1.2. [64] (the theorem of analytical characterization of the con-
vexity for meromorphic functions) Let g : U̇ → C be a meromorphic function
in U of the form

g(z) =
1

z
+ α0 + α1z + · · · ,

such that g(z) 6= 0, z ∈ U̇ . Then the function g is convex in U̇ if and only if g is
univalent in U̇ and

Re

[
−

(
zg′′(z)

g′(z)
+ 1

)]
> 0, z ∈ U̇ .

3.2 Integral operators on spaces of meromorphic

starlike functions

We denote by Σ the class of meromorphic functions in the unit disc of the form

f(z) =
1

z
+ a0 + a1z + · · ·+ anzn + · · · , z ∈ U̇ ,
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and with Σ0 we denote the class of functions f ∈ Σ which are univalent in U̇ and
with f(z) 6= 0, z ∈ U̇ .

Definition 3.2.1. [64] For α < 1 let

Σ∗(α) =

{
f ∈ Σ : Re

[
−zf ′(z)

f(z)

]
> α, z ∈ U̇

}

be the class of meromorphic starlike functions of order α.

For γ ∈ C with Re γ > 0 we consider the integral operator

Iγ : Σ → Σ

defined by

Iγ(f)(z) =
γ

zγ+1

∫ z

0

tγf(t)dt = γ

∫ 1

0

uγf(uz)du.(3.2)

Properties of this integral operator were studied in many papers such as: [6], [25],
[66], [77], [83], [84].

Theorem 3.2.1. [64], [66] Let 0 ≤ α < 1 and 0 < γ ≤ 1. Then Iγ[Σ
∗(α)] ⊂ Σ∗(β),

where

β = β(α, γ) =
1

4

[
2α + 2γ + 3−

√
[2(γ − α) + 1]2 + 8γ

]
(3.3)

and the operator Iγ is defined by (3.2).

If we consider the condition F (z) = Iγ(f)(z) 6= 0, z ∈ U̇ , we have the next result.

Theorem 3.2.2. [64], [66] Let α < 1 and γ > 0. Let f ∈ Σ∗(α) and F = Iγ(f),
where the operator Iγ is defined by (3.2) and we suppose that F (z) 6= 0, z ∈ U̇ . Then
F ∈ Σ∗(β), where β = β(α, γ) is given by (3.3).

3.3 The subclass of inverse-convex functions

We next present a special class of meromorphic functions, the class of inverse-
convex functions which was defined in [92] and we will study some properties relative
to this class.

The results presented in this section are original and are published in [92].

Definition 3.3.1. [92] Let g : U̇ → C be a meromorphic function in U of the form

g(z) =
1

z
+ α0 + α1z + · · · , z ∈ U̇ .

We say that the function g is inverse-starlike in U̇ if there exists a starlike function
f ∈ S∗ such that f(z)g(z) = 1 for each z ∈ U̇ . We denote by S∗i the class of these
functions.
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Remark 3.3.1. It is obvious that for g ∈ S∗i we have g(z) 6= 0, z ∈ U̇ and g
univalent in U̇ .

Theorem 3.3.1. (the theorem of analytical characterization of the inverse-
starlikeness for meromorphic functions) Let g : U̇ → C be a meromorphic
function in U of the form

g(z) =
1

z
+ α0 + α1z + · · · ,

such that g(z) 6= 0, z ∈ U̇ . Then the function g is inverse-starlike in U̇ if and only
if g is univalent on U̇ and

Re

[
−zg′(z)

g(z)

]
> 0, z ∈ U̇ .

Remark 3.3.2. 1. From the above theorem and Theorem 3.1.1 we have that
g ∈ S∗i if and only if g is starlike in U̇ .

2. If we consider the Koebe function, Kτ (z) =
z

(1 + eiτz)2
, z ∈ U , we have that

the function gτ (z) =
1

Kτ (z)
=

1

z
+ 2eiτ + e2iτz ∈ S∗i , τ ∈ R, (since Kτ ∈ S∗),

so gτ is starlike in U̇ .

Definition 3.3.2. [92] Let g : U̇ → C be a meromorphic function in U of the form

g(z) =
α−1

z
+ α0 + α1z + · · · , z ∈ U̇ .

We say that the function g is inverse-convex in U̇ if there exists a convex function
f defined on U with f(0) = 0 such that f(z)g(z) = 1 for each z ∈ U̇ .

Remark 3.3.3. [92]

1. From the above definition we notice that if g is inverse-convex, then g(z) 6=
0, z ∈ U̇ and g is univalent in U̇ .

2. If α−1 = 1, we can easily see that the function f from the above definition is

also normalized, hence a function g(z) =
1

z
+ α0 + α1z + · · · , 0 < |z| < 1, is

inverse-convex in U̇ if there exists a function f ∈ K such that f(z)g(z) = 1
for each z ∈ U̇ . We will denote the class of these functions by Ki (the class of
normalized inverse-convex functions in U̇).

3. If g is inverse-convex in U̇ and λ ∈ C∗, then the meromorphic function λg is
also inverse-convex in U̇ .
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Theorem 3.3.2. [92](the theorem of analytical characterization of the inverse-
convexity for meromorphic functions) Let g : U̇ → C be a meromorphic func-
tion in U of the form

g(z) =
1

z
+ α0 + α1z + · · · ,

such that g(z) 6= 0, z ∈ U̇ . Then the function g is inverse-convex on U̇ if and only
if g is univalent on U̇ and

Re

[
zg′′(z)

g′(z)
− 2

zg′(z)

g(z)
+ 1

]
> 0, z ∈ U̇ .

We denote by Σ∗ the class of meromorhic starlike normalized functions in U̇ , so

Σ∗ =

{
g ∈ Σ : Re

[
−zg′(z)

g(z)

]
> 0, z ∈ U̇

}
,

and with Σc we denote the class of meromorhic convex normalized functions in U̇ ,
so

Σc =

{
g ∈ Σ0 : Re

[
−

(
zg′′(z)

g′(z)
+ 1

)]
> 0, z ∈ U̇

}
.

Remark 3.3.4. [92] 1. An easy computation shows that the function

f(z) = log(1 + z), z ∈ U
(
with log(1 + z)

∣∣∣
z=0

= 0
)

is convex on U and normalized, so the function g(z) =
1

f(z)
, z ∈ U̇ belongs to the

class Ki.
On the other hand we have

zg′′(z)

g′(z)
+ 1 =

log(1 + z) + 2z

(1 + z) log(1 + z)
,

and it is easy to see that the inequality

Re

[
−

(
zg′′(z)

g′(z)
+ 1

)]
> 0

does not hold for each z ∈ U̇

(
for exemple we can take z =

1

2

)
, so g /∈ Σc. In

other words, Ki 6= Σc.

2. We know that the function f(z) =
z

1 + eiτz
∈ K, so

g(z) =
1

f(z)
=

1

z
+ eiτ ∈ Ki.

But on the other hand, it is easy to show that g ∈ Σc, hence Ki ∩ Σc 6= ∅.
3. If g ∈ Ki, then f =

1

g
∈ K ⊂ S∗(1/2), so g ∈ Σ∗(1/2). Therefore, we have

Ki ⊂ Σ∗(1/2).
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Theorem 3.3.3. [92](the duality theorem between the classes Σ∗ and Ki)
Let g : U̇ → C be a function in Σ. Then g ∈ Ki if and only if the function

G(z) = − g2(z)

zg′(z)
∈ Σ∗.

Theorem 3.3.4. [92](the distortion theorem for the class Ki) If the function
g belongs to the class Ki, then we have:

1

r
−1 ≤ |g(z)| ≤ 1

r
+1, |z| = r ∈ (0, 1)

(
equivalent with

∣∣∣∣|g(z)| − 1

|z|

∣∣∣∣ ≤ 1, z ∈ U̇

)
,

(
1− r

r + r2

)2

≤ |g′(z)| ≤
(

1 + r

r − r2

)2

, |z| = r ∈ (0, 1).

For |g(z)| these estimates are sharp and we have equality for g(z) =
1

z
+ eiτ , τ ∈ R.

3.4 The subclass of close-to-inverse-convex fun-

ctions

In this section we present a new class of meromorphic functions, named the
class of close-to-inverse-convex functions, which was defined in [92] and we will state
and prove two theorems regarding this class. The first theorem gives a connection
between the two concepts, inverse-convexity and close-to-inverse-convexity.

The results presented in this section are original and are published in [92].

Definition 3.4.1. [92] Let g : U̇ → C be a meromorphic function in U of the form

g(z) =
α−1

z
+ α0 + α1z + · · · .

We say that the function g is close-to-inverse-convex in U̇ if there exists an inverse-
convex function ψ on U̇ such that

Re
g′(z)

ψ′(z)
> 0, z ∈ U̇ .

We denote by Ci the class of normalized close-to-inverse-convex functions on U̇ ,
so

Ci =

{
g ∈ Σ : (∃)ψ ∈ Ki such that Re

g′(z)

ψ′(z)
> 0, z ∈ U

}
.

Let α < 1 < β. We consider the next classes of meromorphic functions:

Σ∗(α, β) =

{
g ∈ Σ : α < Re

[
−zg′(z)

g(z)

]
< β, z ∈ U

}
,

Ci;β =

{
g ∈ Σ : (∃)ψ ∈ Ki ∩ Σ∗(0, β) astfel ı̂ncât Re

g′(z)

ψ′(z)
> 0, z ∈ U

}
.
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Theorem 3.4.1. [92] Let λ ∈ C\{0} with Re λ > 2|λ|2, β =
Re λ

2|λ|2 and g ∈ Ki with

Re

[
−zg′(z)

g(z)

]
< β, z ∈ U (i.e. g ∈ Ki ∩ Σ∗(0, β)), then the function

hλ(z) = g(z) + λzg′(z), z ∈ U̇ ,

is close-to-inverse-convex.

We note that in the hypothesis of the above theorem we need Re λ > 2|λ|2
because we must have β > 1.

It is easy to see that Re λ > 2|λ|2 implies |λ| < 1/2, so the above theorem can
not be used for the complex numbers λ with |λ| ≥ 1/2.

We mention that a similar result, but which regards the analytic functions, was
given by B.N. Rahmanov in [74].

For γ ∈ C with Re γ > 0 we consider the integral operator Iγ : Σ → Σ given by

Iγ(g)(z) =
γ

zγ+1

∫ z

0

tγg(t)dt.(3.4)

We have the next theorem with respect to the classes Ki, Ci and to the integral
operator Iγ.

Theorem 3.4.2. [92] Let be γ ∈ C with Re γ > 1 and β =
Re γ + 1

2
.

If Iγ[Ki] ⊂ Ki, then Iγ[Ci;β] ⊂ Ci.

3.5 Starlikeness properties for the integral ope-

rator Jβ,γ

The results presented in this section are original and are published in [90].
For Φ, ϕ ∈ H[1, 1] with Φ(z)ϕ(z) 6= 0, z ∈ U, and α, β, γ, δ ∈ C with β 6= 0, we

consider the integral operator JΦ,ϕ
α,β,γ,δ : H ⊂ Σ → Σ, defined by:

JΦ,ϕ
α,β,γ,δ(g)(z) =

[
γ − β

zγΦ(z)

∫ z

0

gα(t)ϕ(t)tδ−1dt

] 1
β

.

The first result of this section present some important properties of the integral
operator JΦ,ϕ

α,β,γ,δ.

Theorem 3.5.1. [90] Let Φ, ϕ ∈ H[1, 1] with Φ(z)ϕ(z) 6= 0, z ∈ U . Let α, β, γ, δ ∈ C
with β 6= 0, α + γ = β + δ and Re (γ − β) > 0. If g ∈ Σ and

α
zg′(z)

g(z)
+

zϕ′(z)

ϕ(z)
+ δ ≺ Rδ−α,1(z),
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then

G(z) = JΦ,ϕ
α,β,γ,δ(g)(z) =

[
γ − β

zγΦ(z)

∫ z

0

gα(t)ϕ(t)tδ−1dt

] 1
β

∈ Σ,(3.5)

with zG(z) 6= 0, z ∈ U, and

Re

[
β

zG′(z)

G(z)
+

zΦ′(z)

Φ(z)
+ γ

]
> 0, z ∈ U.

All powers in (3.5) are chosen as principal ones.

We next consider a particular case of Theorem 3.5.1. Considering Φ = ϕ ≡ 1,
α = β, γ = δ and using the notation Jβ,γ instead of J1,1

β,β,γ,γ, we have:

Corollary 3.5.1. [90] Let β, γ ∈ C with β 6= 0 and Re (γ − β) > 0. If g ∈ Σ and

β
zg′(z)

g(z)
+ γ ≺ Rγ−β,1(z),

then

G(z) = Jβ,γ(g)(z) =

[
γ − β

zγ

∫ z

0

gβ(t)tγ−1dt

] 1
β

∈ Σ,(3.6)

with zG(z) 6= 0, z ∈ U, and

Re

[
β

zG′(z)

G(z)
+ γ

]
> 0, z ∈ U.

(All powers in (3.6) are chosen as principal ones).

Remark 3.5.1. 1. If we define the classes Kβ,γ as

Kβ,γ =

{
g ∈ Σ : γ + β

zg′(z)

g(z)
≺ Rγ−β,1(z)

}
,

from Corollary 3.5.1, we have that Jβ,γ : Kβ,γ → Σ with zJβ,γ(g)(z) 6= 0, z ∈ U
and

Re

[
γ + β

zJβ,γ(g)′(z)

Jβ,γ(g)(z)

]
> 0, z ∈ U.

2. Let be

K̃β,γ =

{
g ∈ Σ : Re

[
γ + β

zg′(z)

g(z)

]
> 0, z ∈ U

}
.

Using the above corollary we have Jβ,γ(Kβ,γ) ⊂ K̃β,γ, so Jβ,γ(K̃β,γ) ⊂ K̃β,γ,
where β, γ ∈ C with β 6= 0 and Re (γ − β) > 0.

3. If β < 0, γ ∈ C with β < Re γ and if we consider
Re γ

β
≤ α < 1, then from

Jβ,γ(K̃β,γ) ⊂ K̃β,γ we deduce Jβ,γ(Σ
∗(α)) ⊂ Σ∗

(
Re γ

β

)
.

25



If

G(z) =

[
γ − β

zγ

∫ z

0

tγ−1gβ(t)dt

] 1
β

, z ∈ U̇ ,

and if we suppose that p(z) = −zG′(z)

G(z)
is analytic in U , we have

p(z) +
zp′(z)

γ − βp(z)
= −zg′(z)

g(z)
, z ∈ U.(3.7)

Next we find the conditions over the complex numbers α, β, γ, δ such that

Jβ,γ(g) ∈ Σ∗(α, δ)

when g ∈ Σ∗(α, δ).
We mention that the integral operator Jβ,γ is defined by (3.6) and the class

Σ∗(α, δ) is defined as:

Σ∗(α, δ) =

{
g ∈ Σ : α < Re

[
−zg′(z)

g(z)

]
< δ, z ∈ U

}
.

Similar results to those that follows, with respect to the operator J1,γ, may also be
found in [1].

Theorem 3.5.2. [90] Let β > 0, γ ∈ C and 0 ≤ α < 1 < δ ≤ Re γ

β
.

If g ∈ Σ∗(α, δ), then G = Jβ,γ(g) ∈ Σ∗(α, δ).

Taking β = 1 in the above theorem we obtain:

Corollary 3.5.2. [90] Let γ ∈ C and 0 ≤ α < 1 < δ ≤ Re γ. If g ∈ Σ∗(α, δ) and

G(z) = J1,γ(g)(z) =
γ − 1

zγ

∫ z

0

tγ−1g(t)dt,

then G ∈ Σ∗(α, δ).

Theorem 3.5.3. [90] Let β < 0, γ ∈ C and
Re γ

β
≤ α < 1 < δ.

If g ∈ Σ∗(α, δ), then G = Jβ,γ(g) ∈ Σ∗(α, δ).

Remark 3.5.2. If we consider δ → ∞ in the above theorem we obtain that for

β < 0, γ ∈ C with Re γ > β and
Re γ

β
≤ α < 1,

g ∈ Σ∗(α) ⇒ G = Jβ,γ(g) ∈ Σ∗(α).

Definition 3.5.1. Let β < 0 and γ ∈ C with Re γ > β. For a given number

α ∈
[
Re γ

β
, 1

)
, we will define the order of starlikeness of the class Jβ,γ(Σ

∗(α)) as

the biggest number µ = µ(α; β, γ) such that Jβ,γ(Σ
∗(α)) ⊂ Σ∗(µ).
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Theorem 3.5.4. [90] (the order of starlikeness of the class Jβ,γ(Σ
∗(α)))

Let β < 0, γ − β > 0 and let Jβ,γ be given by (3.6). If α ∈ [α0, 1), where

α0 = max

{
β + γ + 1

2β
,
γ

β

}
, then the order of starlikeness of the class Jβ,γ(Σ

∗(α)))

is given by

µ(α; β, γ) = − 1

β

[
γ − β

2F1(1, 2β(α− 1), γ + 1− β; 1
2
)
− γ

]
,

where 2F1 represents the hypergeometric function.

Further we will find some conditions for α, β, γ and δ = δ(α, β, γ) such that

Jβ,γ[Σ
∗(α) ∩ Kβ,γ] ⊂ Σ∗(δ).

Theorem 3.5.5. [90] Let 0 ≤ α < 1, 0 < β < γ. Let us denote

β1(α, γ) =
2
√

2γ(α− 1)2 + α− α− 1

2(α− 1)2

δ1(α, β, γ) =
2αβ + 2γ + 1−

√
(1 + 2αβ − 2γ)2 + 8(γ − β)

4β

δ2(α, β, γ) =
2αβ + 2β + 1−

√
(1 + 2αβ − 2β)2 + 8(β − γ)

4β

If γ >
1

8
and β < β1(α, γ), then Jβ,γ[Σ

∗(α) ∩ Kβ,γ] ⊂ Σ∗(δ1(α, β, γ)).

If γ ≤ 1

8
or

{
γ >

1

8
β ≥ β1(α, γ)

, then Jβ,γ[Σ
∗(α) ∩ Kβ,γ] ⊂ Σ∗(δ(α, β, γ)), where

δ(α, β, γ) = min{δ1(α, β, γ), δ2(α, β, γ).

The operator Jβ,γ is defined by (3.6).

We see that if we consider, in the above theorem, the condition zJα,β(g)(z) 6=
0, z ∈ U, we have:

Theorem 3.5.6. [90] Let 0 ≤ α < 1, 0 < β < γ, g ∈ Σ∗(α) and G(z) = Jα,β(g)(z).
We suppose that zG(z) 6= 0, z ∈ U, and we consider:

β1(α, γ) =
2
√

2γ(α− 1)2 + α− α− 1

2(α− 1)2
,

δ1(α, β, γ) =
2αβ + 2γ + 1−

√
(1 + 2αβ − 2γ)2 + 8(γ − β)

4β
,

δ2(α, β, γ) =
2αβ + 2β + 1−

√
(1 + 2αβ − 2β)2 + 8(β − γ)

4β
.

If γ >
1

8
and β < β1(α, γ), then G ∈ Σ∗(δ1(α, β, γ)).

If γ ≤ 1

8
or

{
γ >

1

8
β ≥ β1(α, γ)

, then G ∈ Σ∗(δ(α, β, γ)), where

δ(α, β, γ) = min{δ1(α, β, γ), δ2(α, β, γ)}.
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Results which are similar to these two last results may also be found in [66] and
[79].
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Chapter 4

Integral operators on the class Σp

of meromorphic multivalent
functions

In this chapter we study the meromorphic multivalent functions and all the
results presented in this chapter are original and are published in [91] and [93].

In section 4.1 is defined an integral operator, denoted by JΦ,ϕ
p,α,β,γ,δ, and an exis-

tence theorem, with respect to this operator, is given.
In the sections 4.2 and 4.3 are studied the preserving properties of some new

subclasses, when we apply the particular integral operators Jp,β,γ and Jp,γ.
In section 4.4 is considered a multiplier transformation, denoted by Jn

p,λ, and a
new subclass of meromorphic multivalent functions is defined using this transfor-
mation and the condition from starlikeness. Then the preserving properties of this
subclass are studied, when the integral operator Jp,γ is applied.

4.1 The operator JΦ,ϕ
p,α,β,γ,δ

The results from this section are original and are published in [91].
For p ∈ N∗ we denote by Σp the class of meromorphic functions in U of the form

g(z) =
a−p

zp
+ a0 + a1z + · · ·+ anz

n + · · · , z ∈ U̇ , a−p 6= 0.

Let p ∈ N∗, Φ, ϕ ∈ H[1, p] with Φ(z)ϕ(z) 6= 0, z ∈ U , α, β, γ, δ ∈ C with β 6= 0 and
g ∈ Σp. We consider the integral operator

JΦ,ϕ
p,α,β,γ,δ(g)(z) =

[
γ − pβ

zγΦ(z)

∫ z

0

gα(t)ϕ(t)tδ−1dt

] 1
β

,

where all powers are chosen as principal ones.
The first result of this section presents some important properties for the operator

considered above.
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Theorem 4.1.1. [91] Let p ∈ N∗, Φ, ϕ ∈ H[1, p] with Φ(z)ϕ(z) 6= 0, z ∈ U . Let
α, β, γ, δ ∈ C with β 6= 0, δ + pβ = γ + pα and Re (γ − pβ) > 0. Let g ∈ Σp and
suppose that

α
zg′(z)

g(z)
+

zϕ′(z)

ϕ(z)
+ δ ≺ Rδ−pα,p(z).

If G = JΦ,ϕ
p,α,β,γ,δ(g) is defined by

G(z) = JΦ,ϕ
p,α,β,γ,δ(g)(z) =

[
γ − pβ

zγΦ(z)

∫ z

0

gα(t)ϕ(t)tδ−1dt

] 1
β

, z ∈ U̇ ,(4.1)

then G ∈ Σp with zpG(z) 6= 0, z ∈ U, and

Re

[
β

zG′(z)

G(z)
+

zΦ′(z)

Φ(z)
+ γ

]
> 0, z ∈ U.

All powers in (4.1) are principal ones.

Taking α = β and γ = δ in the above theorem and using the notation JΦ,ϕ
p,β,γ

instead of JΦ,ϕ
p,β,β,γ,γ, we obtain the next corollary:

Corollary 4.1.1. [91] Let p ∈ N∗, Φ, ϕ ∈ H[1, p] with Φ(z)ϕ(z) 6= 0, z ∈ U . Let
β, γ ∈ C with β 6= 0 and Re (γ − pβ) > 0. If g ∈ Σp and

β
zg′(z)

g(z)
+

zϕ′(z)

ϕ(z)
+ γ ≺ Rγ−pβ,p(z),

then

G(z) = JΦ,ϕ
p,β,γ(g)(z) =

[
γ − pβ

zγΦ(z)

∫ z

0

gβ(t)ϕ(t)tγ−1dt

] 1
β

∈ Σp,

with zpG(z) 6= 0, z ∈ U, and

Re

[
β

zG′(z)

G(z)
+

zΦ′(z)

Φ(z)
+ γ

]
> 0, z ∈ U.

Considering Φ = ϕ ≡ 1 in Corollary 4.1.1, and using the notation Jp,β,γ instead
of J1,1

p,β,β,γ,γ, we obtain:

Corollary 4.1.2. [91] Let p ∈ N∗, β, γ ∈ C with β 6= 0 and Re (γ − pβ) > 0. If
g ∈ Σp and

β
zg′(z)

g(z)
+ γ ≺ Rγ−pβ,p(z),

then

G(z) = Jp,β,γ(g)(z) =

[
γ − pβ

zγ

∫ z

0

gβ(t)tγ−1dt

] 1
β

∈ Σp,

with zpG(z) 6= 0, z ∈ U, and

Re

[
β

zG′(z)

G(z)
+ γ

]
> 0, z ∈ U.
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Let p ∈ N∗, β, γ ∈ C with β 6= 0, g ∈ Σp, G = Jp,β,γ(g) and let us denote

P (z) = −zG′(z)

G(z)
, z ∈ U . If we suppose that P ∈ H(U), we obtain from

G(z) =

[
γ − pβ

zγ

∫ z

0

tγ−1gβ(t)dt

] 1
β

, z ∈ U̇ ,

that

P (z) +
zP ′(z)

γ − βP (z)
= −zg′(z)

g(z)
, z ∈ U.(4.2)

Considering β = 1 in the above corollary and using the notation Jp,γ instead of
Jp,1,γ, we get:

Corollary 4.1.3. Let p ∈ N∗ and γ ∈ C with Re γ > p. Let g ∈ Σp satisfying the
condition:

zg′(z)

g(z)
+ γ ≺ Rγ−p,p(z).

Then

G(z) = Jp,γ(g)(z) =
γ − p

zγ

∫ z

0

g(t)tγ−1dt ∈ Σp,

with zpG(z) 6= 0, z ∈ U, and Re

[
γ +

zG′(z)

G(z)

]
> 0, z ∈ U.

Theorem 4.1.2. [91] Let p ∈ N∗, λ ∈ C with Re λ > p. If g ∈ Σp , then Jp,λ(g) ∈ Σp ,

where Jp,λ(g)(z) =
λ− p

zλ

∫ z

0

g(t)tλ−1dt.

Remark 4.1.1. [91] Let p ∈ N∗, λ ∈ C with Re λ > p and Σp,0 = {g ∈ Σp : a−p = 1}.
From the above theorem, it is easy to see that we have Jp,λ(g) ∈ Σp,0, when g ∈ Σp,0.

4.2 The operator Jp,β,γ applied to the class Σ∗p(α, δ)

The results presented in this section are original and are published in [91].
Let p ∈ N∗ and α, δ ∈ R with α < p < δ. We consider the classes:

Σ∗
p(α) =

{
g ∈ Σp : Re

[
−zg′(z)

g(z)

]
> α, z ∈ U

}
,

Σ∗
p(α, δ) =

{
g ∈ Σp : α < Re

[
−zg′(z)

g(z)

]
< δ, z ∈ U

}
.

We remark that Σ∗
1(α) is the class of meromorphic starlike functions of order α.

For the next results we need the following lemmas:

Lemma 4.2.1. [91] Let n ∈ N∗, α, β ∈ R and γ ∈ C with Re γ > αβ. If
P ∈ H[P (0), n] with P (0) ∈ R and P (0) > α, then we have

Re

[
P (z) +

zP ′(z)

γ − βP (z)

]
> α ⇒ Re P (z) > α, z ∈ U.
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Lemma 4.2.2. [91] Let n ∈ N∗, δ, β ∈ R and γ ∈ C with Re γ > δβ. If P ∈ H[P (0), n]
with P (0) ∈ R and P (0) < δ, then we have

Re

[
P (z) +

zP ′(z)

γ − βP (z)

]
< δ ⇒ Re P (z) < δ, z ∈ U.

Next we will find conditions over the numbers α, β, γ, δ such that Jp,β,γ(g) ∈ Σ∗
p(α, δ)

when g ∈ Σ∗
p(α, δ), where Jp,β,γ is the integral operator defined by

Jp,β,γ(g)(z) =

[
γ − pβ

zγ

∫ z

0

gβ(t)tγ−1dt

] 1
β

.(4.3)

Theorem 4.2.1. [91] Let p ∈ N∗, β > 0, γ ∈ C and α < p < δ <
Re γ

β
.

If g ∈ Σ∗
p(α, δ), then G = Jp,β,γ(g) ∈ Σ∗

p(α, δ).

Taking β = 1 in the above theorem and using the notation Jp,γ instead of Jp,1,γ,
we obtain:

Corollary 4.2.1. [91] Let p ∈ N∗, γ ∈ C and α < p < δ < Re γ. If g ∈ Σ∗
p(α, δ),

then
G = Jp,γ(g) ∈ Σ∗

p(α, δ),

where Jp,γ(g)(z) =
γ − p

zγ

∫ z

0

tγ−1g(t)dt, z ∈ U̇ .

Theorem 4.2.2. [91] Let p ∈ N∗, β > 0, γ ∈ C and α < p <
Re γ

β
≤ δ.

If g ∈ Σ∗
p(α, δ), with

β
zg′(z)

g(z)
+ γ ≺ Rγ−pβ,p(z),

then G = Jp,β,γ(g) ∈ Σ∗
p(α, δ).

If we consider δ →∞, in the above theorem, we obtain the next corollary:

Corollary 4.2.2. [91] Let p ∈ N∗, β > 0, γ ∈ C and α < p <
Re γ

β
.

If g ∈ Σ∗
p(α), with

β
zg′(z)

g(z)
+ γ ≺ Rγ−pβ,p(z),

then G = Jp,β,γ(g) ∈ Σ∗
p(α).

We make the remark that we can obtain a similar result, without the condition

β
zg′(z)

g(z)
+ γ ≺ Rγ−pβ,p(z), as it follows:

Theorem 4.2.3. [91] Let p ∈ N∗, β > 0, γ ∈ C, α < p <
Re γ

β
and g ∈ Σ∗

p(α). Let

G = Jp,β,γ(g). If G ∈ Σp and zpG(z) 6= 0, z ∈ U, then G ∈ Σ∗
p(α).
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Since we know from Theorem 4.1.2 that for p ∈ N∗, γ ∈ C with Re γ > p, we
have Jp,γ(g) ∈ Σp when g ∈ Σp, we obtain for the above theorem, taking β = 1, the
next corollary:

Corollary 4.2.3. [91] Let p ∈ N∗, γ ∈ C and α < p < Re γ.
If g ∈ Σ∗

p(α) with zpJp,γ(g)(z) 6= 0, z ∈ U, then G = Jp,γ(g) ∈ Σ∗
p(α).

Taking β = 1 in Theorem 4.2.2, we get:

Corollary 4.2.4. [91] Let p ∈ N∗, γ ∈ C and α < p < Re γ ≤ δ.
If g ∈ Σ∗

p(α, δ), with
zg′(z)

g(z)
+ γ ≺ Rγ−p,p(z),

then G = Jp,γ(g) ∈ Σ∗
p(α, δ).

Theorem 4.2.4. [91] Let p ∈ N∗, β < 0, γ ∈ C and
Re γ

β
< α < p < δ.

If g ∈ Σ∗
p(α, δ), then G = Jp,β,γ(g) ∈ Σ∗

p(α, δ).

If we consider δ →∞, in the above theorem, we obtain the next corollary:

Corollary 4.2.5. [91] Let p ∈ N∗, β < 0, γ ∈ C and
Re γ

β
< α < p. Then we have

g ∈ Σ∗
p(α) ⇒ G = Jp,β,γ(g) ∈ Σ∗

p(α).

Theorem 4.2.5. [91] Let p ∈ N∗, β < 0, γ ∈ C and α ≤ Re γ

β
< p < δ.

If g ∈ Σ∗
p(α, δ), with

β
zg′(z)

g(z)
+ γ ≺ Rγ−pβ,p(z),

then G = Jp,β,γ(g) ∈ Σ∗
p(α, δ).

If we consider δ →∞, in the above theorem, we obtain the next corollary:

Corollary 4.2.6. [91] Let p ∈ N∗, β < 0, γ ∈ C and α ≤ Re γ

β
< p.

If g ∈ Σ∗
p(α), with

β
zg′(z)

g(z)
+ γ ≺ Rγ−pβ,p(z),

then G = Jp,β,γ(g) ∈ Σ∗
p(α).

We remark that we can obtain a similar result, without the condition

β
zg′(z)

g(z)
+ γ ≺ Rγ−pβ,p(z),

as it follows:

Theorem 4.2.6. [91] Let p ∈ N∗, β < 0, γ ∈ C, α ≤ Re γ

β
< p and g ∈ Σ∗

p(α). Let

G = Jp,β,γ(g). If G ∈ Σp and zpG(z) 6= 0, z ∈ U, then G ∈ Σ∗
p(α).
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4.3 The operator Jp,γ applied to the classes ΣKp(α, δ)

and ΣCp,0(α, δ; ϕ)

The results presented in this section are original and are published in [91].
Let p ∈ N∗ and α, δ ∈ R. We consider the next subclasses of meromorphic functions:

ΣKp(α) =

{
g ∈ Σp : Re

[
1 +

zg′′(z)

g′(z)

]
< −α, z ∈ U

}
, α < p,

ΣKp,0(α) = ΣKp(α) ∩ Σp,0,

ΣKp(α, δ) =

{
g ∈ Σp : α < Re

[
−1− zg′′(z)

g′(z)

]
< δ, z ∈ U

}
, α < p < δ,

ΣKp,0(α, δ) = ΣKp(α, δ) ∩ Σp,0,

ΣCp,0(α, δ; ϕ) =

{
g ∈ Σp,0 : α < Re

[
g′(z)

ϕ′(z)

]
< δ, z ∈ U

}
, where α < 1 ≤ p < δ and

ϕ ∈ ΣKp,0(α, δ).
We remark that ΣK1(α) ∩ Σ0 is the class of normalized meromorphic convex

functions of order α.
Let γ ∈ C with Re γ > p. We consider the integral operator Jp,γ defined by

Jp,γ(g)(z) =
γ − p

zγ

∫ z

0

tγ−1g(t)dt, g ∈ Σp.

It is easy to see that if g ∈ Σp has the form

g(z) =
a−p

zp
+

∞∑

k=0

akz
k, z ∈ U̇ ,

then

Jp,γ(g)(z) =
a−p

zp
+

∞∑

k=0

γ − p

γ + k
akz

k, z ∈ U̇ .

Moreover, Jp,γ(zg
′(z)) = z [Jp,γ(g)(z)]′ , z ∈ U̇ .

Theorem 4.3.1. [91] Let p ∈ N∗, γ ∈ C with Re γ > p and let α < p < δ < Re γ.
If g ∈ ΣKp(α, δ) and zp+1J ′p,γ(g)(z) 6= 0, z ∈ U , then

Jp,γ(g) ∈ ΣKp(α, δ).

Theorem 4.3.2. [91] Let p ∈ N∗, α ∈ R and γ ∈ C with α < p < Re γ. If
g ∈ ΣKp(α) and zp+1J ′p,γ(g)(z) 6= 0, z ∈ U , then

Jp,γ(g) ∈ ΣKp(α).

Theorem 4.3.3. [91] Let p ∈ N∗, γ ∈ C with Re γ > p and α < 1 ≤ p < δ < Re γ.
Let ϕ be a function in ΣKp,0(α, δ) and g ∈ ΣCp,0(α, δ; ϕ) such that zp+1J ′p,γ(ϕ) 6=
0, z ∈ U , then

Jp,γ(g) ∈ ΣCp,0(α, δ; Φ),

where Φ = Jp,γ(ϕ).
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We remark that Theorem 4.3.1 and Theorem 4.3.3 can be improved as it follows:

Theorem 4.3.4. Let p ∈ N∗, γ ∈ C with Re γ > p and α < p < δ < Re γ.
If g ∈ ΣKp(α, δ), then

Jp,γ(g) ∈ ΣKp(α, δ).

Theorem 4.3.5. Let p ∈ N∗, γ ∈ C with Re γ > p and α < 1 ≤ p < δ < Re γ. Let
ϕ ∈ ΣKp,0(α, δ) and g ∈ ΣCp,0(α, δ; ϕ), then

Jp,γ(g) ∈ ΣCp,0(α, δ; Φ),

where Φ = Jp,γ(ϕ).

Theorem 4.3.4 and Theorem 4.3.5 are not published yet.

4.4 Subclasses of the class Σp defined through a

multiplier transformation

The results presented in this section are original and are published in [93].
Let n ∈ Z, p ∈ N∗ and λ ∈ C with Re λ > p. We consider the operator Jn

p,λ on Σp

defined by:

Jn
p,λg(z) =

a−p

zp
+

∞∑

k=0

(
λ− p

k + λ

)n

akz
k, where g(z) =

a−p

zp
+

∞∑

k=0

akz
k.

We mention that this operator may also be found in [5]. We have the next properties
for the above operator:

1. J−1
p,λg(z) =

1

λ− p
zg′(z) +

λ

λ− p
g(z), g ∈ Σp,

2. J0
p,λg(z) = g(z), g ∈ Σp,

3. J1
p,λg(z) =

λ− p

zλ

∫ z

0

tλ−1g(t)dt = Jp,λ(g)(z), g ∈ Σp,

4. If g ∈ Σp with Jn
p,λg ∈ Σp, then Jm

p,λ(J
n
p,λg) = Jn+m

p,λ g, for m,n ∈ Z.

Remark 4.4.1. [93] Let p ∈ N∗ and λ ∈ C with Re λ > p. We know that if g ∈ Σp,
then Jp,λ(g) ∈ Σp, hence, using item 4 and the induction, we obtain

Jn
p,λg ∈ Σp for all n ∈ N∗.

We notice from item 1 that for g ∈ Σp we have J−1
p,λg ∈ Σp, so

J−n
p,λ g ∈ Σp for all n ∈ N∗.

Therefore, for n ∈ Z, p ∈ N∗, λ ∈ C with Re λ > p, we have Jn
p,λ : Σp → Σp.
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Now it is easy to see that we have the next properties for Jn
p,λ, when Re λ > p :

1. Jn
p,λ(J

m
p,λg(z)) = Jn+m

p,λ g(z), n, m ∈ Z, g ∈ Σp ,

2. Jn
p,γ(J

m
p,λg(z)) = Jm

p,λ(J
n
p,γg(z)), n, m ∈ Z, g ∈ Σp, Re γ > p,

3. Jn
p,λ(g1 + g2)(z) = Jn

p,λg1(z) + Jn
p,λg2(z), for g1, g2 ∈ Σp , n ∈ Z,

4. Jn
p,λ(cg)(z) = cJn

p,λg(z), c ∈ C∗, n ∈ Z,

5. Jn
p,λ(zg

′(z)) = z(Jn
p,λg(z))′ = (λ− p)Jn−1

p,λ g(z)− λJn
p,λg(z), n ∈ Z, g ∈ Σp.

Remark 4.4.2. [93]

1. When λ = 2 and p = 1, we have

Jn
1,2g(z) =

a−1

z
+

∞∑

k=0

(k + 2)−nakz
k,

and this operator was studied by Cho and Kim [17] for n ∈ Z and by Uralegaddi
and Somanatha [97] for n < 0.

2. We also have the relation

z2Jn
1,2g(z) = Dn(z2g(z)), g ∈ Σ1,0 ,

where Dn is the well-known Sǎlǎgean differential operator of order n [82],

defined by Dnf(z) = z +
∞∑

k=2

knakz
k, f(z) = z +

∞∑

k=2

akz
k .

3. Jn
p,λ is an extension to the meromorphic functions of the operator Kn

p , defined

on A(p) =

{
f ∈ H(U) : f(z) = zp +

∞∑
n=1

ap+nzp+n

}
, introduced in [87]. Also,

for n ≥ 0 we find that Kn
p is the Komatu linear operator, defined in [35].

4. It is easy to see that for n > 0, Jn
p,λ is an integral operator while J−n

p,λ is a

differential operator with the property J−n
p,λ (Jn

p,λg) = g, g ∈ Σp.

Definition 4.4.1. [93] For p ∈ N∗, n ∈ Z, λ ∈ C, Re λ > p and α < p < δ we
define

ΣSn
p,λ(α) =

{
g ∈ Σp : Re

[
−z

(
Jn

p,λg(z)
)′

Jn
p,λg(z)

]
> α, z ∈ U

}
,

ΣSn
p,λ(α, δ) =

{
g ∈ Σp : α < Re

[
−z

(
Jn

p,λg(z)
)′

Jn
p,λg(z)

]
< δ, z ∈ U

}
.
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Remark 4.4.3. [93]

1. We have g ∈ ΣSn
p,λ(α) if and only if Jn

p,λg ∈ Σ∗
p(α), respectively g ∈ ΣSn

p,λ(α, δ)
if and only if Jn

p,λg ∈ Σ∗
p(α, δ).

2. Using the equality z(Jn
p,λg(z))′ = (λ− p)Jn−1

p,λ g(z)− λJn
p,λg(z), we can easy see

that for Re λ > p the condition

α < Re

[
−z

(
Jn

p,λg(z)
)′

Jn
p,λg(z)

]
< δ, z ∈ U,

is equivalent to

Re λ− δ < Re

[
(λ− p)

Jn−1
p,λ g(z)

Jn
p,λg(z)

]
< Re λ− α, z ∈ U.(4.4)

3. We have
ΣS0

p,λ(α, δ) = Σ∗
p(α, δ),

ΣS1
p,λ(α, δ) =

{
g ∈ Σp : G(z) =

λ− p

zλ

∫ z

0

tλ−1g(t)dt ∈ Σ∗
p(α, δ)

}
.

The following theorem gives us a connection between the sets ΣSn
p,λ(α) and

ΣSn−1
p,λ (α), respectively between ΣSn

p,λ(α, δ) and ΣSn−1
p,λ (α, δ).

Theorem 4.4.1. [93] Let p ∈ N∗, n ∈ Z, λ ∈ C with Re λ > p, α < p < δ and
g ∈ Σp. Then

g ∈ ΣSn
p,λ(α) ⇔ Jp,λ(g) ∈ ΣSn−1

p,λ (α),

g ∈ ΣSn
p,λ(α, δ) ⇔ Jp,λ(g) ∈ ΣSn−1

p,λ (α, δ),

where Jp,λ(g)(z) =
λ− p

zλ

∫ z

0

tλ−1g(t)dt.

Theorem 4.4.2. [93] Let p ∈ N∗, n ∈ Z, λ, γ ∈ C with Re λ > p and α < p < δ < Re γ.
Then

g ∈ ΣSn
p,λ(α, δ) ⇒ Jp,γ(g) ∈ ΣSn

p,λ(α, δ).

Corollary 4.4.1. [93] Let n ∈ Z, p ∈ N∗, λ ∈ C and α < p < δ < Re λ. Then we
have

ΣSn
p,λ(α, δ) ⊂ ΣSn+1

p,λ (α, δ).

Theorem 4.4.3. [93] Let n ∈ Z, p ∈ N∗, λ, γ ∈ C with Re λ > p and α < p <
Re γ ≤ δ. If g ∈ ΣSn

p,λ(α, δ) and satisfies the condition

z
[
Jn

p,λ(g)(z)
]′

Jn
p,λ(g)(z)

+ γ ≺ Rγ−p,p(z),

then Jp,γ(g) ∈ ΣSn
p,λ(α, δ).
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If we consider in Theorem 4.4.3 that δ →∞ we get:

Theorem 4.4.4. [93] Let n ∈ Z, p ∈ N∗, λ, γ ∈ C with Re λ > p and α < p < Re γ.
If g ∈ ΣSn

p,λ(α) and satisfies the condition

z
[
Jn

p,λ(g)(z)
]′

Jn
p,λ(g)(z)

+ γ ≺ Rγ−p,p(z),

then Jp,γ(g) ∈ ΣSn
p,λ(α).

Theorem 4.4.5. [93] Let n ∈ N, p ∈ N∗, λ, γ ∈ C and α < p < Re γ ≤ Re λ ≤ δ. If
h ∈ ΣSn

p,λ(α, δ) and satisfies the condition

zh′(z)

h(z)
+ γ ≺ Rγ−p,p(z),

then Jp,γ(h) ∈ ΣSn
p,λ(α, δ).

If we consider γ = λ, in the above theorem, we obtain:

Corollary 4.4.2. [93] Let n ∈ N, p ∈ N∗, λ ∈ C and h ∈ ΣSn
p,λ(α, δ) with α < p <

Re λ ≤ δ. If
zh′(z)

h(z)
+ λ ≺ Rλ−p,p(z).

Then Jp,λ(h) ∈ ΣSn
p,λ(α, δ).

Taking n = 0 in Corollary 4.4.2, we get:

Corollary 4.4.3. [93]Let p ∈ N∗, λ ∈ C and α < p < Re λ ≤ δ. If h ∈ Σ∗
p(α, δ)

with
zh′(z)

h(z)
+ λ ≺ Rλ−p,p(z),

then Jp,λ(h) ∈ Σ∗
p(α, δ).

If in Corollary 4.4.3 we consider δ 7→ ∞ we have the next result:

Corollary 4.4.4. [93] Let p ∈ N∗, λ ∈ C and α < p < Re λ. If h ∈ Σ∗
p(α) with

zh′(z)

h(z)
+ λ ≺ Rλ−p,p(z),

then Jp,λ(h) ∈ Σ∗
p(α).

We remark that Corollary 4.4.3 and Corollary 4.4.4 were also obtained in section
2 of this chapter.

From the proof of Theorem 4.4.5 we remark that we also have:

Theorem 4.4.6. [93] Let n ∈ Z, p ∈ N∗, λ, γ ∈ C with Re λ > p and α < p < Re γ.
If g ∈ ΣSn

p,λ(α) with Jp,γ(J
n
p,λ(g)(z)) 6= 0, z ∈ U̇ , then

Jp,γ(g) ∈ ΣSn
p,λ(α).

Taking n = 0 in the above theorem we get the next corollary, which was also
obtained in section 2 of this chapter.

Corollary 4.4.5. [93] Let p ∈ N∗, γ ∈ C and α < p < Re γ. If g ∈ Σ∗
p(α) with

zpJp,γ(g)(z) 6= 0, z ∈ U , then Jp,γ(g) ∈ Σ∗
p(α).
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Chapter 5

Applications of the Briot-Bouquet
differential subordinations and
superordinations

In this chapter we define new subclasses of meromorphic multivalent functions
using the subordination and the superordination and we establish the conditions
such that when we apply one of the integral operators Jp,β,γ or Jp,γ to a function
which belongs to one of these subclasses, we get a function which belongs to a similar
class.

The results presented in this chapter are original and were sent for publishing.

5.1 The operator Jp,β,γ and the class ΣSp(h1, h2)

The results presented in this section will be published in [94]. The first result is
a simple lemma and we will use it latter to present some examples for the results
included in this paper.

Lemma 5.1.1. [94] Let α, β, γ ∈ C with γ 6= 0, α + γ 6= 0 and |β| < |γ|. Let h be
the function

h(z) = z +
αz

βz + γ
, z ∈ U.

If we have
4|αβγ2| ≤ (|γ| − |β|)3|α + γ|,(5.1)

then h is convex in U .

Remark 5.1.1. [94] 1. It is obvious that if h is a convex function in U (with
h′(0) 6= 0), then δ1 + δ2h(rz) is also a convex function, when r ∈ (0, 1], δ1, δ2 ∈ C,
δ2 6= 0.
2. If we consider α = |β| = 1 in the above lemma, then the condition (5.1) becomes

4|γ|2 ≤ |γ + 1|(|γ| − 1)3.(5.2)
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It is not difficult to verify that the condition (5.2) holds for each real number γ ≥ 3, 2.
In other words, the functions

z +
z

γ + z
, z +

z

γ − z
, z ∈ U,

are convex functions when γ ≥ 3, 2.
We mention here that in [70] the authors proved that the function

h(z) = 1 + z +
z

z + 2
, z ∈ U,

is convex in U , so the function z +
z

2 + z
is also a convex function.

Next, we define some new subclasses of the class Σp, associated with superordi-
nation and subordination, such that, in some particular cases, these new subclasses
are the well-known classes of meromorphic starlike functions.

Definition 5.1.1. [94] Let p ∈ N∗ and h1, h2, h ∈ H(U) with h1(0) = h2(0) =
h(0) = p and h1(z) ≺ h2(z). We define:

ΣSp(h1, h2) =

{
g ∈ Σp : h1(z) ≺ −zg′(z)

g(z)
≺ h2(z)

}
,

ΣSp(h) =

{
g ∈ Σp : −zg′(z)

g(z)
≺ h(z)

}
.

We remark that if we consider h(z) = hp,α(z) =
p + (p− 2α)z

1− z
, z ∈ U, 0 ≤ α < p,

since hp,α(U) = {z ∈ C : Re z > α} , we have ΣSp(hp,α) = Σ∗
p(α).

We have the integral operator Jp,β,γ defined by

Jp,β,γ(g)(z) =

[
γ − pβ

zγ

∫ z

0

gβ(t)tγ−1dt

] 1
β

, g ∈ Σp,

and it was introduced at section 4.1.

Theorem 5.1.1. [94] Let p ∈ N∗ and β, γ ∈ C with β 6= 0 and Re (γ−pβ) > 0. Let
h1 and h2 be convex functions in U with h1(0) = h2(0) = p and let g ∈ ΣSp(h1, h2)
such that

β
zg′(z)

g(z)
+ γ ≺ Rγ−βp,p(z).

Suppose that the Briot-Bouquet differential equations

q(z) +
zq′(z)

γ − βq(z)
= h1(z) and q(z) +

pzq′(z)

γ − βq(z)
= h2(z), z ∈ U,(5.3)

have the univalent solutions q1
1 and qp

2 , respectively, with q1
1(0) = qp

2(0) = p and
q1
1 ≺ h1, qp

2 ≺ h2.

Let G = Jp,β,γ(g). If
zg′(z)

g(z)
is univalent in U and

zG′(z)

G(z)
∈ Q, then

G ∈ ΣSp(q
1
1, q

p
2).
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The functions q1
1 and qp

2 are the best subordinant and the best (p,p)-dominant,
respectively.

If we consider in the hypothesis of Theorem 5.1.1 the condition

Re [γ − βh2(z)] > 0, z ∈ U,

instead of

β
zg′(z)

g(z)
+ γ ≺ Rγ−βp,p(z)

we get the next result.

Theorem 5.1.2. [94] Let p ∈ N∗ and β, γ ∈ C with β 6= 0 and Re (γ − pβ) > 0.
Let h1 and h2 be convex functions in U with h1(0) = h2(0) = p, h1 ≺ h2 and

Re [γ − βh2(z)] > 0, z ∈ U.

Let g ∈ ΣSp(h1, h2) and G = Jp,β,γ(g). If
zg′(z)

g(z)
is univalent in U and

zG′(z)

G(z)
∈ Q,

then
G ∈ ΣSp(q

1
1, q

p
2),

where q1
1 and qp

2 are the univalent solutions of the Briot-Bouquet differential equa-
tions

q(z) +
zq′(z)

γ − βq(z)
= h1(z), z ∈ U,(5.4)

and, respectively,

q(z) +
pzq′(z)

γ − βq(z)
= h2(z), z ∈ U,(5.5)

with q1
1(0) = qp

2(0) = p.
The functions q1

1 and qp
2 are the best subordinant and the best (p,p)-dominant,

respectively.

Remark 5.1.2. [94] Let the conditions from the hypothesis of Theorem 5.1.2 be
fulfilled. If we consider, in addition, that qp

1 and q1
2 are the univalent solutions of

the Briot-Bouquet differential equations

q(z) +
pzq′(z)

γ − βq(z)
= h1(z), z ∈ U,

and, respectively,

q(z) +
zq′(z)

γ − βq(z)
= h2(z), z ∈ U,

with qp
1(0) = q1

2(0) = p, we have from the above theorem and Theorem 2.3.1, that

qp
1(z) ≺ q1

1(z) ≺ −zG′(z)

G(z)
≺ qp

2(z) ≺ q1
2(z).

Hence G ∈ ΣSp(q
1
1, q

p
2) is the best choice.
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If we consider for Theorem 5.1.1 only the subordination, we obtain the next
result.

Theorem 5.1.3. Let p ∈ N∗ and β, γ ∈ C with β 6= 0 and Re (γ − pβ) > 0. Let h
be a convex function in U with h(0) = p and g ∈ ΣSp(h) such that

β
zg′(z)

g(z)
+ γ ≺ Rγ−βp,p(z).

Suppose that the Briot-Bouquet differential equation

q(z) +
pzq′(z)

γ − βq(z)
= h(z), z ∈ U,

has the univalent solution q with q(0) = p and q ≺ h. Then

G = Jp,β,γ(g) ∈ ΣSp(q).

The function q is the best (p,p)-dominant.

Theorem 5.1.4. [94] Let p ∈ N∗ and β, γ ∈ C with β 6= 0 and Re [γ− pβ] > 0. Let
h1 and h2 be analytic functions in U with h1(0) = h2(0) = p, h1 ≺ h2 and

(i) γ − βh2(z) ≺ Rγ−pβ,1(z).

If q1 and q2 are the analytic solutions of the Briot-Bouquet differential equations

q(z) +
zq′(z)

γ − βq(z)
= h1(z), z ∈ U,(5.6)

and, respectively,

q(z) +
pzq′(z)

γ − βq(z)
= h2(z), z ∈ U,(5.7)

with q1(0) = q2(0) = p and if

(ii)
zq′1(z)

γ − βq1(z)
is starlike in U,

(iii) h2 is convex or
zq′2(z)

γ − βq2(z)
is starlike,

then q1 and q2 are univalent in U.

Moreover, if g ∈ ΣSp(h1, h2) such that
zg′(z)

g(z)
is univalent in U and

zG′(z)

G(z)
∈ Q,

where G = Jp,β,γ(g), then
G ∈ ΣSp(q1, q2).

The functions q1 and q2 are the best subordinant and the best (p,p)-dominant, re-
spectively.
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From Theorem 2.3.2, since p 6= 0, we have that the solutions q1 and q2 (from the
above theorem) are given by:

q1(z) = zγH−pβ
1 (z)

[
−β

∫ z

0

H−pβ
1 (t)tγ−1dt

]−1

+
γ

β
=

[
−β

∫ 1

0

[
H1(tz)

H1(z)

]−pβ

tγ−1dt

]−1

+
γ

β
,

(5.8)

q2(z) = z
γ
p H−β

2 (z)

[−β

p

∫ z

0

H−β
2 (t)t

γ
p
−1dt

]−1

+
γ

β
=

[
−β

p

∫ 1

0

[
H2(tz)

H2(z)

]−β

t
γ
p
−1dt

]−1

+
γ

β
,

(5.9)
where

Hk(z) = z exp

∫ z

0

hk(t)− p

pt
dt, k = 1, 2.

If we consider only the subordination for Theorem 5.1.4 we obtain the next result.

Theorem 5.1.5. [94] Let p ∈ N∗ and β, γ ∈ C with β 6= 0 and Re (γ − pβ) > 0.
Also let h ∈ H(U) with h(0) = p such that

(i) γ − βh(z) ≺ Rγ−βp,p(z).

If q is the analytic solution of the Briot-Bouquet differential equation

q(z) +
pzq′(z)

γ − βq(z)
= h(z), z ∈ U,

with q(0) = p, given by (5.9) and if

(ii) h is convex or
zq′(z)

γ − βq(z)
is starlike,

then q is univalent in U.
Moreover, if g ∈ ΣSp(h) and G = Jp,β,γ(g), then G ∈ ΣSp(q).
The function q is the best (p,p)-dominant.

If we consider, in the above theorem, that the function h is convex we obtain the
corollary:

Corollary 5.1.1. [94] Let p ∈ N∗ and β, γ ∈ C with β 6= 0 and Re (γ − pβ) > 0.
Also let g ∈ ΣSp(h) with h convex in U , h(0) = p. If the function h satisfies the
condition

γ − βh(z) ≺ Rγ−βp,p(z),

then
G = Jp,β,γ(g) ∈ ΣSp(q),

where q is the univalent solution of the Briot-Bouquet differential equation

q(z) +
pzq′(z)

γ − βq(z)
= h(z) , z ∈ U,

with q(0) = p.
The function q is the best (p,p)-dominant.
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Next, we present an application for the above corollary, when β = 1, γ ∈ R, for
a particular function h. We will use the notation Jp,γ instead of Jp,1,γ.

Corollary 5.1.2. [94] Let p ∈ N∗ and γ ≥ p+3 such that 4p(γ−p)2 ≤ γ(γ−p−1)3.

If g ∈ ΣSp(h) with h(z) = p + z +
pz

γ − p− z
, then

G = Jp,γ(g) ∈ ΣSp(p + z),

which is equivalent to

∣∣∣∣
zG′(z)

G(z)
+ p

∣∣∣∣ < 1, z ∈ U. Therefore,

p− 1 < Re

[
−zG′(z)

G(z)

]
< p + 1, z ∈ U,

this meaning that G ∈ Σ∗
p(p− 1, p + 1).

If we consider for Corollary 5.1.1 the condition Re [γ−βh(z)] > 0, z ∈ U , instead
of γ − βh(z) ≺ Rγ−βp,p(z), we get:

Corollary 5.1.3. [94] Let p ∈ N∗ and β, γ ∈ C with β 6= 0 and Re (γ − pβ) > 0.
Also let g ∈ ΣSp(h) with h convex in U and h(0) = p. If

Re [γ − βh(z)] > 0, z ∈ U,

then
G = Jp,β,γ(g) ∈ ΣSp(q),

where q is the univalent solution of the Briot-Bouquet differential equation

q(z) +
pzq′(z)

γ − βq(z)
= h(z) , z ∈ U, q(0) = p.

The function q is the best (p,p)-dominant.

Since for Corollary 5.1.3 we have q ≺ h (see Theorem 2.3.1), we get the next
corollary:

Corollary 5.1.4. [94] Let p ∈ N∗ and β, γ ∈ C with β 6= 0 and Re (γ − pβ) > 0.
Also let g ∈ ΣSp(h) with h convex in U and h(0) = p. If

Re [γ − βh(z)] > 0, z ∈ U,

then
G = Jp,β,γ(g) ∈ ΣSp(h).

Furthermore, using Corollary 5.1.4 for a particular function h, we present a result
which was also obtained in section 4.2.

We consider h(z) = hp,α(z) =
p + (p− 2α)z

1− z
, z ∈ U , where p ∈ N∗ and 0 ≤ α < p.

It is not difficult to see that hp,α(U) = {z ∈ C/Re z > α} and hp,α(0) = p.
Hence

g ∈ ΣSp(hp,α) ⇔ g ∈ Σ∗
p(α).

We get now the next result:

44



Corollary 5.1.5. [94] Let p ∈ N∗, β < 0, γ ∈ C and
Re γ

β
≤ α < p. Then we have

g ∈ Σ∗
p(α) ⇒ G = Jp,β,γ(g) ∈ Σ∗

p(α).

5.2 The operator Jp,γ and the class ΣKp(h1, h2)

The results presented in this section are original and will be published in [95].
We introduce some new subclasses of the class of meromorphic multivalent func-

tions, which are defined by subordination and superordination, such that, in some
particular cases, these new subclasses are the well-known classes of meromorphic
convex functions.

Definition 5.2.1. [95] Let p ∈ N∗ and h1, h2, h ∈ H(U), with h1(0) = h2(0) =
h(0) = p and h1(z) ≺ h2(z). We define:

ΣKp(h1, h2) =

{
g ∈ Σp : h1(z) ≺ −

[
1 +

zg′′(z)

g′(z)

]
≺ h2(z)

}
,

ΣKp(h) =

{
g ∈ Σp : −

[
1 +

zg′′(z)

g′(z)

]
≺ h(z)

}
,

ΣKp,0(h1, h2) = ΣKp(h1, h2) ∩ Σp,0, ΣKp,0(h) = ΣKp(h) ∩ Σp,0.

We remark that if we consider h(z) = hp,α(z) =
p + (p− 2α)z

1− z
, z ∈ U, 0 ≤ α < p,

since h(U) = {z ∈ C : Re z > α} , we have ΣKp(hp,α) = ΣKp(α).

Theorem 5.2.1. [95] Let p ∈ N∗ and γ ∈ C with Re γ > p. Let h1, h2 be convex fun-
ctions in U with h1(0) = h2(0) = p and g ∈ ΣKp(h1, h2) with zp+1J ′p,γ(g)(z) 6= 0, z ∈ U .
Suppose that the Briot-Bouquet differential equations

q(z) +
zq′(z)

γ − q(z)
= h1(z), z ∈ U,

and

q(z) +
(p + 1)zq′(z)

γ − q(z)
= h2(z), z ∈ U,

have the univalent solutions q1
1 and qp+1

2 , respectively, with q1
1(0) = qp+1

2 (0) = p and
q1
1 ≺ h1, qp+1

2 ≺ h2.

Let G = Jp,γ(g). If
zg′′(z)

g′(z)
is univalent in U and

zG′′(z)

G′(z)
∈ Q, then G ∈ ΣKp(q

1
1, q

p+1
2 ).

The functions q1
1 and qp+1

2 are the best subordinant and the best (p,p+1)-dominant,
respectively.

If we consider in the hypothesis of Theorem 5.2.1 the condition

Re [γ − h2(z)] > 0, z ∈ U,

instead of zp+1J ′p,γ(g)(z) 6= 0, z ∈ U, we get the next result.
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Theorem 5.2.2. [95] Let p ∈ N∗ and γ ∈ C with Re γ > p. Let h1 and h2 be convex
functions in U with h1(0) = h2(0) = p and g ∈ ΣKp(h1, h2). Suppose that

Re [γ − h2(z)] > 0, z ∈ U.

Let G = Jp,γ(g). If
zg′′(z)

g′(z)
is univalent in U and

zG′′(z)

G′(z)
∈ Q, then

G ∈ ΣKp(q
1
1, q

p+1
2 ),

where q1
1 and qp+1

2 are the univalent solutions of the Briot-Bouquet differential equa-
tions

q(z) +
zq′(z)

γ − q(z)
= h1(z) and q(z) +

(p + 1)zq′(z)

γ − q(z)
= h2(z), respectively,

with q1
1(0) = qp+1

2 (0) = p.
The functions q1

1 and qp+1
2 are the best subordinant and the best (p,p+1)-dominant,

respectively.

Remark 5.2.1. [95] Let the conditions from the hypothesis of Theorem 5.2.2 be
fulfilled. If we consider, in addition, that qp+1

1 and q1
2 are the univalent solutions of

the Briot-Bouquet differential equations

q(z) +
(p + 1)zq′(z)

γ − q(z)
= h1(z) and q(z) +

zq′(z)

γ − q(z)
= h2(z), respectively,

with qp+1
1 (0) = q1

2(0) = p, we have from the above theorem and Theorem 2.3.1, that

qp+1
1 (z) ≺ q1

1(z) ≺ −1− zG′′(z)

G′(z)
≺ qp+1

2 (z) ≺ q1
2(z).

Hence G ∈ ΣKp(q
1
1, q

p+1
2 ) is the best choice.

If we consider for Theorem 5.2.1 only the subordination, we obtain the next
result.

Theorem 5.2.3. [95] Let p ∈ N∗ and γ ∈ C with Re γ > p. Let h be a convex
function in U with h(0) = p and g ∈ ΣKp(h) with zp+1J ′p,γ(g)(z) 6= 0, z ∈ U .
Suppose that the Briot-Bouquet differential equation

q(z) +
(p + 1)zq′(z)

γ − q(z)
= h(z), z ∈ U,

has the univalent solution q with q(0) = p and q ≺ h.
Then

G = Jp,γ(g) ∈ ΣKp(q).

The function q is the best (p,p+1)-dominant.
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Theorem 5.2.4. [95] Let p ∈ N∗ and γ ∈ C with Re γ > p. Let h1, h2 ∈ H(U) with
h1(0) = h2(0) = p, h1 ≺ h2 and

(i) γ − h2(z) ≺ Rγ−p,1(z), z ∈ U.

If q1 and q2 are the analytic solutions of the Briot-Bouquet differential equations

q(z) +
zq′(z)

γ − q(z)
= h1(z), q(z) +

(p + 1)zq′(z)

γ − q(z)
= h2(z), z ∈ U,(5.10)

respectively, and if

(ii)
zq′1(z)

γ − q1(z)
is starlike in U,

(iii) h2 is convex or
zq′2(z)

γ − q2(z)
is starlike,

then q1 and q2 are univalent in U.

Moreover, if g ∈ ΣKp(h1, h2) such that
zg′′(z)

g′(z)
is univalent in U and

zG′′(z)

G′(z)
∈ Q,

where G = Jp,γ(g), then
G ∈ ΣKp(q1, q2).

The functions q1 and q2 are the best subordinant and the best (p,p+1)-dominant,
respectively.

If we consider only the subordination we have the next result.

Theorem 5.2.5. [95] Let p ∈ N∗, γ ∈ C with Re γ > p, h ∈ H(U) with h(0) = p
and

(i) γ − h(z) ≺ Rγ−p,p(z).

If q is the analytic solution of the Briot-Bouquet differential equation

q(z) +
(p + 1)zq′(z)

γ − q(z)
= h(z), z ∈ U,

with q(0) = p and if

(ii) h is convex or
zq′(z)

γ − q(z)
is starlike,

then q is univalent in U.
Moreover, if g ∈ ΣKp(h) and G = Jp,γ(g), then G ∈ ΣKp(q).

The function q is the best (p,p+1)-dominant.

If we consider, in the above theorem, that the function h is convex we obtain the
corollary:
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Corollary 5.2.1. [95] Let p ∈ N∗, γ ∈ C with Re γ > p, and g ∈ ΣKp(h) with h
convex in U . If

γ − h(z) ≺ Rγ−p,p(z),

then
G = Jp,γ(g) ∈ ΣKp(q),

where q is the univalent solution of the Briot-Bouquet differential equation

q(z) +
(p + 1)zq′(z)

γ − q(z)
= h(z) , z ∈ U,

with q(0) = p.
The function q is the best (p,p+1)-dominant.

We next present an application for the above corollary, when h is a particular
function.

Corollary 5.2.2. [95] Let p ∈ N∗, γ ≥ p + 4 such that 4(p + 1)(γ − p)2 ≤ (γ +
1)(γ − p− 1)3.

If g ∈ ΣKp(h), with h(z) = p + z +
(p + 1)z

γ − p− z
, then

G = Jp,γ(g) ∈ ΣKp(p + z).

If we consider for Corollary 5.2.1 the condition Re [γ− h(z)] > 0, z ∈ U , instead
of γ − h(z) ≺ Rγ−p,p(z) we get:

Corollary 5.2.3. Let p ∈ N∗, γ ∈ C with Re γ > p, and g ∈ ΣKp(h) with h convex
in U . If

Re [γ − h(z)] > 0, z ∈ U,

then
G = Jp,γ(g) ∈ ΣKp(q),

where q is the univalent solution of the Briot-Bouquet differential equation

q(z) +
(p + 1)zq′(z)

γ − q(z)
= h(z) , z ∈ U,

with q(0) = p.
The function q is the best (p,p+1)-dominant.

Since for Corollary 5.2.3 we have q ≺ h (see Theorem 2.3.1), we get the next
corollary:

Corollary 5.2.4. [95] Let p ∈ N∗, γ ∈ C with Re γ > p, g ∈ ΣKp(h) with h convex
in U . If

Re [γ − h(z)] > 0, z ∈ U,

then
G = Jp,γ(g) ∈ ΣKp(h).
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Furthermore, we present two simple examples which use the above corollary.

Exemple 5.2.1. Let us consider h(z) = (Re γ−p)z+p, z ∈ U, where p ∈ N∗, γ ∈ C
with Re γ > p and let g ∈ ΣKp(h).

We have h convex in U and

Re [γ − h(z)] > 0, z ∈ U,

so, we get from the above corollary that

G = Jp,γ(g) ∈ ΣKp(h),

which is equivalent to

−1− zG′′(z)

G′(z)
≺ (Re γ − p)z + p, z ∈ U,

hence G ∈ ΣKp(2p− Re γ, Re γ).

The next example is a result which was also obtained in section 4.4.

Exemple 5.2.2. Let p ∈ N∗, γ ∈ C with Re γ > p and let α < p < δ ≤ Re γ. If
g ∈ ΣKp(α, δ) , then

Jp,γ(g) ∈ ΣKp(α, δ).

5.3 The operator Jp,γ applied to the classes ΣCp,0(h1, h2; ϕ, h)

and ΣCp,0(h2; h)

The results presented in this section are original and have been sent for publi-
shing. First we define some subclasses of Σp,0 associated with superordination and
subordination, using the close-to-convexity condition.

Definition 5.3.1. [96] Let p ∈ N∗, h1, h2, h ∈ H(U) with h1(0) = h2(0) = 1,
h(0) = p, h1 ≺ h2 and ϕ ∈ ΣKp,0(h). We define:

ΣCp,0(h1, h2; ϕ, h) =

{
g ∈ Σp,0 : h1(z) ≺ g′(z)

ϕ ′(z)
≺ h2(z)

}
,

ΣCp,0(h2; ϕ, h) =

{
g ∈ Σp,0 :

g′(z)

ϕ ′(z)
≺ h2(z)

}
.

Definition 5.3.2. [96] Let p ∈ N∗ and h2, h ∈ H(U) with h2(0) = 1, h(0) = p. We
define:

ΣCp,0(h2; h) =

{
g ∈ Σp,0 : (∃)ϕ ∈ ΣKp,0(h) s.t.

g′(z)

ϕ ′(z)
≺ h2(z)

}
,

ΣCp,0(h) =

{
g ∈ Σp,0 : (∃)ϕ ∈ ΣKp,0(h) s.t.

g′(z)

ϕ ′(z)
≺ 1

p
h(z)

}
.
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Remark 5.3.1. [96]

1. If H ∈ H(U), H(0) = p and h ≺ H, then ΣCp,0(h2; h) ⊂ ΣCp,0(h2; H).

2. If H2 ∈ H(U), H2(0) = 1 and h2 ≺ H2, then ΣCp,0(h2; h) ⊂ ΣCp,0(H2; h).

3. If h1, h2, h, H ∈ H(U) with h1(0) = h2(0) = 1, h(0) = H(0) = p, h1 ≺ h2 and
ϕ ∈ ΣKp,0(h) ∩ ΣKp,0(H), then

ΣCp,0(h1, h2; ϕ, h) = ΣCp,0(h1, h2; ϕ,H),

ΣCp,0(h2; ϕ, h) = ΣCp,0(h2; ϕ,H).

Next we present some particular cases for the classes defined above.

If p = 1 and h2(z) = h(z) =
1 + z

1− z
, z ∈ U , then a function ϕ is in the class

ΣK1,0(h) if and only if

Re

[
−1− zϕ′′(z)

ϕ ′(z)

]
> 0, z ∈ U,

so, the class of meromorpic close-to-convex functions is included into the class

ΣC1,0

(
1 + z

1− z

)
.

Let α < 1 ≤ p < δ. We consider h2 = h1,α,δ and h = hp,α,δ, where hp,α,δ : U → C
is the convex function with hp,α,δ(U) = {z ∈ C : α < Re z < δ} and hp,α,δ(0) = p.

We know that this function, hp,α,δ, exists and it is obtained by composing different
well-known elementary functions. It is not difficult to see that

ΣKp,0(hp,α,δ) = ΣKp,0(α, δ),(5.11)

ΣCp,0(h1,α,δ; ϕ, hp,α,δ) = ΣCp,0(α, δ; ϕ), where ϕ ∈ ΣKp,0(α, δ).(5.12)

We will also use the more simply notation

ΣCp,0(h1,α,δ; hp,α,δ) = ΣCp,0(α, δ).(5.13)

Theorem 5.3.1. [96] Let p ∈ N∗ and γ ∈ C with Re γ > p. Let h2 and h be
convex functions in U with h2(0) = 1, h(0) = p and let g ∈ ΣCp,0(h2; h). If we have
Re [γ − h(z)] > 0, z ∈ U , then

G = Jp,γ(g) ∈ ΣCp,0(h2; q),

where q is the univalent solution of the Briot-Bouquet differential equation

q(z) +
(p + 1)zq′(z)

γ − q(z)
= h(z) , z ∈ U,

with q(0) = p.
The function q is the best (p,p+1)-dominant.
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Theorem 5.3.2. [96] Let p ∈ N∗, γ ∈ C with Re γ > p and h2, h be convex functions
in U with h2(0) = 1, h(0) = p and Re [γ − h(z)] > 0, z ∈ U . If ϕ ∈ ΣKp,0(h) and
g ∈ ΣCp,0(h2; ϕ, h), then

G = Jp,γ(g) ∈ ΣCp,0(h2; Jp,γ(ϕ), q),

where q is the univalent solution of the Briot-Bouquet differential equation

q(z) +
(p + 1)zq′(z)

γ − q(z)
= h(z) , z ∈ U,

with q(0) = p.
The function q is the best (p,p+1)-dominant.

If we consider that the conditions from the hypothesis of Theorem 5.3.1 and
Theorem 5.3.2 respectively, are met, since we know from Theorem 2.3.1 that q ≺ h,
we obtain the next corollaries:

Corollary 5.3.1. [96] Let p ∈ N∗ and γ ∈ C with Re γ > p. Let h2, h be convex
functions in U with h2(0) = 1, h(0) = p and let g ∈ ΣCp,0(h2; h). If Re h(z) <
Re γ, z ∈ U , then

G = Jp,γ(g) ∈ ΣCp,0(h2; h).

Corollary 5.3.2. [96] Let p ∈ N∗ and γ ∈ C with Re γ > p. Let h2, h be convex
functions in U with h2(0) = 1, h(0) = p and Re h(z) < Re γ, z ∈ U . If ϕ ∈ ΣKp,0(h)
and g ∈ ΣCp,0(h2; ϕ, h), then

G = Jp,γ(g) ∈ ΣCp,0(h2; Jp,γ(ϕ), h).

Next we present two results which concern the particular classes ΣCp,0(α, δ) and
ΣCp,0(α, δ; ϕ).

Theorem 5.3.3. [96] Let p ∈ N∗, α, δ ∈ R and γ ∈ C with α < 1 ≤ p < δ ≤ Re γ.
If g ∈ ΣCp,0(α, δ), then

Jp,γ(g) ∈ ΣCp,0(α, δ).

Theorem 5.3.4. [96] Let p ∈ N∗, α, δ ∈ R and γ ∈ C with α < 1 ≤ p < δ ≤ Re γ.
If ϕ ∈ ΣKp,0(α, δ) and g ∈ ΣCp,0(α, δ; ϕ), then

Jp,γ(g) ∈ ΣCp,0(α, δ; Φ),

where Φ = Jp,γ(ϕ).

We mention that Theorem 5.3.4 was also met in section 4.3.

Lemma 5.3.1. [96] Let r > 0 and let λ : U → C be an analytic function in U such
that sup

z∈U

|λ(z)| = M < ∞. If p ∈ H[1, 1] ∩ Q and p(z) + λ(z)zp′(z) is univalent in

U, then

U(1, r) ⊂ {p(z) + λ(z)zp′(z) : z ∈ U} ⇒ U

(
1,

r

1 + M

)
⊂ p(U).
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Theorem 5.3.5. [96] Let m, r > 0, p ∈ N∗ and γ ∈ C with Re γ > p. Let h2 and h
be convex functions in U such that h2(0) = 1, h(0) = p and Re [γ−h(z)] > m, z ∈ U .

Let ϕ ∈ ΣKp,0(h) and g ∈ ΣCp,0(h1, h2; ϕ, h), where h1(z) = rz + 1, z ∈ U.

Suppose that
g′

ϕ ′ is univalent in U and
J ′p,γ(g)

J ′p,γ(ϕ)
∈ Q. Then

G = Jp,γ(g) ∈ ΣCp,0(q1, h2; Φ, q),

where
Φ = Jp,γ(ϕ)

q1(z) =
rm

m + 1
z + 1, z ∈ U,

and q is the univalent solution of the Briot-Bouquet differential equation

q(z) +
(p + 1)zq′(z)

γ − q(z)
= h(z) , z ∈ U,

with q(0) = p.
The function q is the best (p,p+1)-dominant.
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[12] T. Bulboacă, On some classes of differential subordinations, Studia Univ.
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[38] E. Lindelöf, Memoire sur certaines inegalités dans la théory des fonctions
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