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Introduction

The complex analysis is one of the classical branches of mathematics and has
its roots in the XVIII century. The two important directions of complex analysis
are the theory of conformal representations and the geometric theory of analytic
functions.

The geometric theory of one variable functions became a special branch of the
complex analysis in the twenty century when the first important papers of this
branch appeared, due to P. Koebe [34] (1907), T.H. Gronwall [27] (1914), [28] (1916),
J.W. Alexander [4] (1915), L. Bieberbach [8], [9] (1916).

Important romanian mathematicians had a great role in the developing of this
domain of mathematics. We remember here just two of them, from Cluj. One is
G. Calugareanu, who obtained important results in the field of univalent functions
and in the field of meromorphic functions and the other is P.T. Mocanu, who in-
troduced the concept of a-convexity, obtained univalence criteria for non-analytic
functions, initiated and developed (in collaboration with S.S. Miller) the differential
subordinations method and, more recently, the differential superordinations method.

In the first chapter we present the classes H[a,n], A, S, ¥, and ¥y, some spe-
cial subclasses of the class of univalent functions (starlike, convex, close-to-convex
functions), the subordination, the method of differential subordinations, the ”Open
Door” theorem and the theorem relative to the order of starlikeness of the class
I5,(S*(«)). The penultimate section of this chapter contains two original results
which are relative to a subclass of starlike functions and to a subclass of convex
functions of order ao. These results are published in [89].

In Chapter 2 we present some classical results and concepts regarding the Briot-
Bouquet differential subordinations and superordinations.

In Chapter 3 we study the meromorphic functions with the unique simple pole
z=0.

In section 3.1 are presented the starlikeness and the convexity conditions for
these functions and in section 3.2 are presented some starlikeness properties for a
well-known integral operator.

The last three sections of this chapter contains only original results which are
published in [90] and [92].

In section 3.3 are defined the class of inverse-starlike functions and the class of
inverse-convex functions and are given analytical characterizations, duality theorem
and distortion theorem.

In section 3.4 we define the class of close-to-convex functions and we state and
prove two theorems which give a connection between this new class and the class of



inverse-convex functions.

In section 3.5 is defined an integral operator, denoted by ngf’% 5 and some im-
portant properties regarding this operator are presented. There are also presented
some starlikeness properties for the particular integral operator J é%mw more simply
denoted by Jg .

In Chapter 4 we study the meromorphic multivalent functions and all the results
presented in this chapter are original and are published in [91] and [93].

In section 4.1 is defined an integral operator, denoted by J;Ij ’OfB,% 5, and an exis-
tence theorem, with respect to this operator, is given.

In the sections 4.2 and 4.3 are studied the preserving properties of some new
subclasses, when we apply the particular integral operators J, 3, and .Jj, ,.

In section 4.4 is considered a multiplier transformation, denoted by J7,, and a
new subclass of meromorphic multivalent functions is defined using this transfor-
mation and the condition from starlikeness. Then the preserving properties of this
subclass are studied, when the integral operator J, , is applied.

Finally, in the last chapter we define new subclasses of meromorphic multivalent
functions using the subordination and the superordination and we establish the
conditions such that when we apply one of the integral operators J, 3 or J, to a
function which belongs to one of these subclasses, we get a function which belongs
to a similar class.

Also, the full bibliography is included.

Keywords: starlikeness, convexity, close-to-convexity, subordination, superor-
dination, integral operators, meromorphic functions, meromorphic multivalent func-
tions



Chapter 1

Concepts and preliminary results.
Applications

In this chapter we present the classes H[a,n], A, S, ¥, and X, some spe-
cial subclasses of the class of univalent functions (starlike, convex, close-to-convex
functions), the subordination, the method of differential subordination, the ”Open
Door” theorem and the theorem relative to the order of starlikeness of the class
15, (5%(a)).

The penultimate section of this chapter contains two original results which are
relative to a subclass of starlike functions and to a subclass of convex functions of
order a. These results are published in [89].

We mention that the concepts and the results presented in this chapter may be
also find in the first three chapters of the book ”Differential Subordinations. Theory
and Applications” written by S.S. Miller and P.T. Mocanu (see [52]).

1.1 The classes Hla,n|, A, S, ¥, and X

First we present some of the notations which we use in this paper.
The disc of center a and radius r is denoted by U(a,r), where a € C and r > 0, so

Ula,r) ={2€C:|z—a| <r}.

We denote by U the unit disc, U(0, 1), and by Ug the disc U(0, R).
Let H(U) be the set of holomorphic functions in U, H,(U) the set of holomorphic
and univalent functions in U and for a € C and n € N* we denote

Hla,n) ={f € HU) : f(2) = a+ ap2" + apns 12" + ...}

and
An = {f € H(U) : f(Z) ==z + an+1zn+1 ‘|‘ an+22"+2 + .. }

We denote by A the set A;.



Let S be the class
S={fe€A: fis univalent inU}.

Let ¥, be the class of meromorphic univalent functions defined on U™, where
U™ ={(eCs:[¢| > 1}, of the form

PO =CHagt Tt gt > 1

and X ={p € 5, : 9(¢) #0,( € U }.
1.2 Starlike and convex functions

Definition 1.2.1. [64] Let f € H(U) be the function with f(0) = 0. We say that
f s starlike in U with respect to zero ( or more simply, starlike)if the function f is
univalent in U and f(U) is a starlike domain with respect to zero, this meaning that
for each z € U the line segment joining 0 and f(z) lies entirely in f(U).

Theorem 1.2.1. [64/(the theorem of analytical characterization of starlike-
ness)Let f € H(U) be a function with f(0) = 0. Then f is starlike if and only if

1(0) #0 and
2f'(2)
f(2)

Definition 1.2.2. We denote by S* the class of normalized starlike functions on
the unit disc U, so

Re >0, zeU.

S*:{feA:ReZJ{(/S) >0,zeU}.

Definition 1.2.3. [6/] Let f : U — C be a holomorphic function. We say that f is
conver on U (or more simply, convex) if f is univalent in U and f(U) is a convex
domain.

Theorem 1.2.2. [64/(the theorem of analytical characterization of conve-
xity)Let f € H(U). Then f is convex if and only if f'(0) # 0 and

zf”(z)
f'(2)

Definition 1.2.4. [64] We denote by K the class of normalized convex functions
on the unit disc U, so

Re

+1>0,z€U.

2f"(2)
f'(2)

K:{fEA:Re +1>0,26U}.



1.3 Starlike and convex functions of some order

Definition 1.3.1. [64] Let a < 1. We define:

e The class of starlike functions of order o as

S* () = {feA:Rez]{;S) > a, zeU}.

e The class of convex functions of order o as

2f"(2)
f'(2)

K(a):{fEA:Re +1>a,zEU}.

It is obvious that for a = 0 we have S*(0) = S* and K(0) = K.
1.4 Close-to-convex functions

Definition 1.4.1. [64] The function f € H(U) is said to be close-to-convez if there
exists a convex function ¢ (defined on U ), such that

f'(2)

R0

>0,zel.

Definition 1.4.2. [6/] We denoted by C the class of normalized close-to-convex
functions, defined on U, so

C:{fEA:(EI)goeK,Re%>O,zEU}.

1.5 Subordination

Definition 1.5.1. [64] Let f and F be members of H(U). The function f is said
to be subordinate to F, written f < F or f(z) < F(z), if there exists a function w
analytic in U, with w(0) =0 and |w(z)| < 1, and such that f(z) = F(w(2)).

Theorem 1.5.1. [73], [64] Let f,g € H(U) and suppose that g is univalent in U.
Then f < g if and only if f(0) = g(0) and f(U) C g(U).



1.6 Differential subordinations method. General
form

In the papers [44] and [45], S.S. Miller and P.T. Mocanu introduced the theory
of differential subordinations, which was developed in many other papers.

Definition 1.6.1. [64] Let ¢ : C* x U — C and let h be univalent in U. If p is
analytic in U and satisfies the ( second order ) differential subordination
(1.1) D(p(2), 20 (2), 2p"(2); 2) < D(2),

then p is called a solution of the differential subordination. The univalent function
q is called a dominant of the solutions of the differential subordination, or more
simply, a dominant, if p < q for all p satisfying (1.1). A dominant G that satisfies
G < q for all dominants q of (1.1) is said to be the best dominant of (1.1). ( Note
that the best dominant is unique up to a rotation of U ).

If we require the more restrictive condition p € Hla,n], then p will be called an
(a,n)-solution, q an (a,n)-dominant, and q the best (a,n)-dominant.

1.7 The class of admissible functions. Fundamen-
tal theorems

Definition 1.7.1. [64] We denote by Q the set of functions f that are analytic and
injective on U \ E(f), where

B(f) = {< € OU : lim f(2) = oo} ,
and they are such that f'(¢) # 0 for ¢ € OU \ E(f). The subclass of Q for which

f(0) = a, is denoted by Q(a).

Definition 1.7.2. [45], [46], [64] Let Q C C, ¢ € Q and n € N, n > 1. We denote
by V[, q] the class of the functions 1) : C* x U — C which satisfies the condition

(A) (r,s,t;2) € Q  when

r=q(¢), s = m(q(¢), Re E + 1] = mie [qu'/;(f))

where z €U, (€ 0U \ E(q), m > n.

The set W, [, q| is said to be the class of admissible functions and the condition (A)
1s said to be the admissibility condition.

Theorem 1.7.1. [47], [64] Let v € V,,[Q2, q] where q(0) = a. If the function p €

H{a,n| satisfies the condition

U(p(2), 20’ (2), 2°p"(2);2) € Q, z € U,

+1].

then p(z) < q(z).



1.8 Two subclasses of special functions

The results presented in this section are original and are published in [89]. First
we present a subclass of the class of starlike functions.

Definition 1.8.1. [89] Let a« > 0 and f € A such that

FOFE) . 26
= 70

We say that the function f is in the class N, if the function F : U — C given by

)

#0,z€U.

F(z)=2f(2) <a +
is starlike in U.
Theorem 1.8.1. [89] For each real number a > 0 we have
N, C 5%,

We next present a subclass of the class of convex functions of order a.

Definition 1.8.2. [89] Let a € [0,1) and f € A with

FGG) /()
E N (6

We say that the function f is in the class N(«) if the function F : U — C given by

Fe) =161+ 2)),

#0,zeU.

1s starlike of order .

Theorem 1.8.2. [89] For o € [0,1) we have

N(o) C K(o).

1.9 ”Open Door” theorem; the starlikeness order
of the class I3.(5"(a))

First we define the "Open Door” function.

10



Definition 1.9.1. [64] Let ¢ be a complex number such that Rec > 0, let n be a
positive integer, and let

n 2Rec
1.2 = = — 1 I .
(12) Cu= Oule) = 2 [yc| j 2Rec, mc]
) ) . ) 2C,z
If R(z) is the univalent function defined in U by R(z) = T2 then the ”Open

Door” function is defined by

z+b):20 (z 4+ b)(1 +bz)

(1.3) Ren(2) = R(l + bz "(140b2)2 — (2 +b)2’

where b= R™(c).

Theorem 1.9.1. [64] [64], [48], [49] (”Open Door” Theorem or Integral Ex-
istence Theorem) Let &, € H[1,n] with ®(z) - ¢(z) #0 in U. Let o, 3,y and ¢
be complex numbers with 3 # 0, a+6 = f+, and Re(a+0) > 0. Let f € A,, and

suppose that
) )
fz) 7 elz)
where R, is defined by (1.3). If F = IS;N(f) is defined by

+ 5 =< ROH_(S,R(Z),

1

B+ a( n
(1.4) F(z _LV(I)’V/JC t5 Y| =24 Ay 2"+
F
thenFEAn,ﬁyéO,zeU, and
2F'(z)  29'(z)
Re [ﬁ Fe2) + B(2) +v1>0,zeU.

(All powers in (3.2) are principal ones.)

Let I3~ be the operator defined by the identity

(15) BN = |72 [ fﬁ(t)t“dt]é

Definition 1.9.2. [64] Let § > 0 and v € R with §+ v > 0. For a given number
a € [—%,1) we define the order of starlikeness of the class I5,(S*(v)) as the
biggest number 6 = §(c; 8,7) such that I5.(S*(a)) C S*(9).

The order of starlikeness of the class I, (5*(a)) was determined in 1981 by P.T.
Mocanu, D. Ripeanu and I. Serb in [65] and this result is next presented.

11



Theorem 1.9.2. 65/, [6/] (the theorem regarding the order of starlikeness
of the class 15, (S*(«v))) Let B >0, B+ > 0 and let I3, be the integral operator
defined by (1.5).

If o € {—%, 1), then the order of starlikeness of the class I3, (S*(at)) is

d(a; B,7v) = inf{Req(z) : z € U},

where X 25(1—)
1y _ 1—=z “ Bt
(1.6) q(z) = 300) B si Q(z) = /0 (1 — tz) P,
Moreover, if a € [, 1), where
0 =max {2221 1

and g = Ig(f) with f € S*(«), then

L AC) NN v+ B

R 2N =5 R80T+ 50 ’V] |

for |z| <r <1 and

‘ - _l v+ B _
6(a; 8,7) = q( 1>—5 {2F1(1,2ﬁ(1—a),7+1+5§%) 7]’

where the function q is given by (1.6) and 2Fy(a,b,c; z) is the second order hyperge-
ometric function.
The extremal function is g = Ig(k), where k(z) = z(1 — z)?(@=1,

12



Chapter 2

Briot-Bouquet differential
subordinations and
superordinations

In this chapter we present some classical results and concepts regarding the
Briot-Bouquet differential subordinations and superordinations.

2.1 Definitions and notations

Definition 2.1.1. [64]

1. A differential Briot-Bouquet operator is an operator which has the form

O(p(2),2p'(2)), where ®(r,s)=r+ B

2. Let be h € H,(U) and p € H(U) with p(0) = h(0). A Briot-Bouquet differen-

tial subordination is a differential subordination of the form

2p(2)

+ W < h(Z)

p(2)

2.2 Dominants for the Briot-Bouquet differential
subordinations

Theorem 2.2.1. [51], [64] Let B,v € C,3 # 0 and let h be conver in U, with
h(0) = a. Let n be a positive integer. Suppose that the differential equation

nzq'(z) s B .
(2.1) q(z) + O h(z), [q(0) = h(0) = a



has a univalent solution q that satisfies q(z) < h(z). If p € H[a,n| satisfies

2p'(2)
(2.2) p(z) + W < h(Z),

then p(z) < q(z), and q is the best (a,n)-dominant of (2.2).

Theorem 2.2.2. [51], [64] Let 3, v € C, § # 0 and let h be a convexr function in
U such that

Re[Bh(z) +7] >0, z € U.
If the Briot-Bouquet differential equation

nzq'(z) s _ .
q(z) + O h(z), [q(0) = h(0) = a

has a univalent solution q € H,(U), then

2 < h2) = p(2) < q(2)

and the function q is the best (a,n) dominant.

2.3 Univalent solutions of the Briot-Bouquet dif-
ferential equation

Theorem 2.3.1. [51], [64] Let 3, € C and let h be a convex function in U, with
Re[Bh(z) +7] >0, z € U.

Let q,, and qi be the univalent solutions of the Briot-Bouquet differential equation

a(2) + g;fq)” _h(=), 2 €U, q(0) = h(0),

for n = and n = k respectively. If m/k, then q(2) < gu(z) < h(z). So,
@ (2) < @1(z) < h(z).

Theorem 2.3.2. [51], [64]Let 3, € C with 8 # 0, and let n be a positive integer.
Let Rgginn be as given in (1.3), let h be analytic in U with h(0) = a, and let
Re[Ba +~] > 0. If

1(2

Bh(z) + 7 < Rpatyn(2),
then the solution q of

0y,
(23) 0(2) + G = h2)

with q(0) = a, is analytic in U and satzsﬁes Re [Bq(z) +~] > 0.

14



If a # 0, then the solution for (2.3) is given by

e A B [* b y_ ! v
g(z) = zn H% (2) {E/o H (1) 1dt] -2 =

(24) - [g / 1 [ﬂgﬂ ; tzldt] . 2

where -y
H(z):zexp/ ()_adt.
0 at
If a = 0, then the solution is given by
o B z o 1 ! Y
qz:an[— H= ()t dt — ==
@) =Hi) |2 [ HE .

where -y
H(z) = zexp é/ th.
vJo

2.4 The general theory of differential superordi-
nations

We mention that the results presented in this section were first published by
S.S. Miller and P.T. Mocanu in 2003 in [53].

Definition 2.4.1. [16], [53] Let p : C* x U — C and let h be analytic in U. If p and
o(p(2), 2p'(2), 2%p"(2); z) are univalent in U and satisfy the second order differential
superordination

(2.5) h(z) < o(p(2), 20 (2), 2p"(2); 2),

then p s called a solution of the differential superordination . An analytic function
q is called a subordinant of the solutions of the differential superordination, or more
simply, a subordinant, if ¢ < p for all p satisfying (2.5). An univalent subordinant ¢
that satisfies ¢ < q for all subordinants q of (2.5) is said to be the best subordinant.
Note that the best subordinant is unique up to a rotation of U.

Definition 2.4.2. [16], [55] Let Q be a set in C and q € Hla,n]. The class of
admissible functions ®,[Q, q|, consists of those functions p : C* x U — C that
satisfy the admissibility condition

(2.6) o(r,s,t;¢) € Q  whenever
/ 1 7
T:q(z),s:Zq(Z),ReE—i—lg—Re =4 (z)+1 ,
m s m 7 (2)

where ( € U, z € U and m >n > 1. When n = 1 we write ®1[Q, q] as ®[Q, q].

15



If o : C?> x U — C, then the admissibility condition (2.6) reduces to
2q'(z
SO(Q(Z)7 ol );C> €Q,
m

where z € U, € OU and m > n > 1.
The next theorem is a key result in the theory of first and second order differential
superordinations.

Theorem 2.4.1. [16], [53] Let Q C C, let ¢ € Hla,n] and let ¢ € D,[,q|. If
p € Q(a) and ¢(p(2),2p'(2), 2°p"(2); 2) is univalent in U, then

Q C{ep(2),2p'(2),2°p"(2);2) : 2 € U}

implies q(z) < p(z).
2.5 Briot-Bouquet differential superordinations

Let 8,7 € C, @1, Ay C C, and p € H(U). In this section we study the
implication:

AN
(2.7) 0 C {p(z) + B+ € U} = Ay C p(U),

and we are interested in determining the largest set A; C C for which (2.7) holds.

If the sets €2, A; C C are simply connected domains not equal to C, then it is
possible to rephrase the above expression in terms of superordination in the form:

(2.8) i) < pla) + o )( DLz <2).

The left side of (2.8) is called a Briot-Bouquet differential superordination.
Corollary 2.5.1. [16], [54] Let 3,~v € C and let h be convex in U with h(0) =
Suppose that the differential equation

a(:) + 5;@')@ —h(:). el

has the univalent solution q with q(0) = a, and q(z) < h(2). If p € Hla,1] N Q and

L(Z) 18 univalent in en
ple)+ Bp(z) + et i U, th
2p/(2)
h(z) < p(z) + W = q(2) < p(2).

The function q is the best subordinant.

16



Corollary 2.5.2. [16], [54] Let 3,y € C and let the function h € H(U) with
h(0) = a and Rec > 0, where ¢ = Ba + v and suppose that

(i) Bh(z) +7 < Rea(2).
Let g be the analytic solution of the Briot-Bouquet differential equation

(o) 4 21
S e

and suppose that
/
iy 29 (2)
Ba(z) +~

AN :
If p € Hla,1]NQ and p(z) + ———— is univalent in U, then

Bp(z) +7

is starlike in U.

2p(2)

h(z) < p(z) + Bp(2) + 7

= q(2) < p(z)

and the function q is the best subordinant.

17



Chapter 3

Integral operators on special
subclasses of the class X of
meromorphic functions

In this chapter we study the meromorphic functions with the unique simple
pole z = 0.

In section 3.1 are presented the starlikeness and convexity conditions for these
functions and in section 3.2 are presented some starlikeness properties of a well-
known integral operator.

The last three sections of this chapter contains only original results which are
published in [90] and [92].

In section 3.3 are defined the class of inverse-starlike functions and the class of
inverse-convex functions and are given analytical characterizations, duality theorem
and distortion theorem.

In section 3.4 we define the class of close-to-convex functions and we state and
prove two theorems which give a connection between this new class and the class of
inverse-convex functions.

In section 3.5 is defined an integral operator, denoted by J:i 207%6 and some im-
portant properties regarding this operator are presented. There are also presented
some starlikeness properties for the particular integral operator .J ;7’}37%7, more simply
denoted by J3 .

3.1 Starlikeness and convexity conditions for mero-
morphic functions

Let

(3.1) ¢(<)_g+a0+%+~-+%+m,geU,

be a meromorphic function in U™, with the unique simple pole ( = oco. We denote,
as usual, the set F(p) = C\ o(U™), where U~ = {( € C : |¢| > 1}.

18



Definition 3.1.1. [64] We say that the function ¢ of the form (3.1) is starlike in
U~ if ¢ is univalent in U~ and the set E(p) is starlike with respect to 0.

Definition 3.1.2. [64] We denote by ¥* the class
¥ ={p € Xy: ¢ is starlike in U™ }.

1

Definition 3.1.3. [64] Let g(z2) = —+ap+ oz + - +a,2" +---, 0 < |2] < 1, be
z )

a meromorphic function in U. We say that g is starlike in U if the function

1
e(()=g <Z) , C e U, is starlike in U~ .
Theorem 3.1.1. [64] (the theorem of analytical characterization of the
starlikeness for meromorphic functions) Let g : U — C be a meromorphic
function in U of the form

1
g(z):;+cz0—|—a1z—|—~--,

such that g(z) # 0, z € U. Then the function g is starlike in U if and only if g is

univalent i U and

/

Re [—Zg Gl 2o -ev.
9(2)

Definition 3.1.4. [6/] We say that the function ¢ of the form (3.1) is convex in

U~ if v is univalent in U~ and the set E(p) is convex.

1
Definition 3.1.5. Let g(2) = —+ap+ a1z + -+ 2" + -+, 0 < |z] < 1, be a mero-
z

. 1
morphic function in U. We say that g is convez in U if the function ¢(¢) = g (Z) ,CelU™,

1s convex in U™ .

Theorem 3.1.2. [6// (the theorem of analytical characterization of the con-

vexity for meromorphic functions) Let g : U — C be a meromorphic function
in U of the form

1
g(Z)=;+oz0+a1z+-~-,

such that g(z) # 0, z € U. Then the function g is convex in U if and only if g is

(29 e

univalent i U and
g'(2)

3.2 Integral operators on spaces of meromorphic
starlike functions

We denote by ¥ the class of meromorphic functions in the unit disc of the form

1 .
f(z):;+a0+alz+~~+anz"+--~,ZGU,
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and with 3 we denote the class of functions f € ¥ which are univalent in U and
with f(2) #0, z € U.

Definition 3.2.1. [64] For a <1 let

S (a) = {feE:Re [—ZJ{;(ZZ))} >a,z€ U}

be the class of meromorphic starlike functions of order «.

For v € C with Re~ > 0 we consider the integral operator
IL:¥—%
defined by
3.2 LN = 2 [ os@ar= [ uz)an
0 0

2+l

Properties of this integral operator were studied in many papers such as: [6], [25],
66], (77, [83], [34].

Theorem 3.2.1. [64], [66] Let 0 < o < 1 and 0 <y < 1. Then I,[X*(v)] C X*(B),
where

(3.3) 6:ﬁ(04,’y):i[204—1—274—3—\/[2(7—04)4-1]2—1—87

and the operator I, is defined by (3.2).

If we consider the condition F(z) = I,(f)(z) # 0, z € U, we have the next result.

Theorem 3.2.2. [64], [66] Let a < 1 and v > 0. Let f € ¥*(a) and F = L,(f),
where the operator I, is defined by (3.2) and we suppose that F(z) # 0, z € U. Then
F € ¥%(0), where 8 = ((«a, ) is given by (3.3).

3.3 The subclass of inverse-convex functions

We next present a special class of meromorphic functions, the class of inverse-
convex functions which was defined in [92] and we will study some properties relative
to this class.

The results presented in this section are original and are published in [92].

Definition 3.3.1. [92] Let g : U — C be a meromorphic function in U of the form
1 .
g(z):;+ao—|—0z1z—|—---, zeU.

We say that the function g is inverse-starlike in U if there exists a starlike function
f € S* such that f(2)g(z) =1 for each z € U. We denote by S} the class of these
functions.
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Remark 3.3.1. It is obvious that for ¢ € S} we have g(z) # 0, z € U and g
univalent in U.

Theorem 3.3.1. (the theorem of analytical characterization of the inverse-
starlikeness for meromorphic functions) Let g : U — C be a meromorphic
function in U of the form

1
9(2)=;+040+a12’+“',

such that g(z) # 0, z € U. Then the function g is inverse-starlike in U if and only
if g 1s univalent on U and

>O,Z€U.

35

Remark 3.3.2. 1. From the above th_eorem and Theorem 3.1.1 we have that
g € S} if and only if g is starlike in U.

2. If we consider the Koebe function, K, (z) = ;, z € U, we have that
(1 + 6”2)2
1 1 ‘ ‘
the function g.(z) = %) = - +2e +e*72 € S, 7 € R, (since K, € S¥),

so g, is starlike in U.
Definition 3.3.2. [92] Let g : U — C be a meromorphic function in U of the form
a_1 .
g(z) :7+a0+a12+---, zeU.
We say that the function g is inverse-convex in U if there exists a _conver function
f defined on U with f(0) =0 such that f(z)g(z) =1 for each z € U,
Remark 3.3.3. [92]

1. From the above definition we notice that if g is inverse-convex, then g(z) #
0, z € U and g is univalent in U.
2. If a_; = 1, we can easily see that the function f from the above definition is
also normalized, hence a function g(z) = — + g+ a1z +---,0 < |z| < 1, is
z

inverse-convex in U if there exists a function f € K such that f(2)g(z) = 1
for each z € U. We will denote the class of these functions by K (the class of
normalized inverse-convex functions in U).

3. If g is inverse-convex in U and A € C*, then the meromorphic function Ag is
also inverse-convex in U.
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Theorem 3.3.2. [92/(the theorem of analytical characterization of the inverse-
convexity for meromorphic functions) Let g : U — C be a meromorphic func-
tion in U of the form

1
g(z):;+ao+alz—|—---,

such that g(z) # 0, z € U. Then the function g is inverse-convez on U if and only
if g is univalent on U and

z9"(2) . z9'(2)
fte { 9 (2) ’ 9(2)

We denote by ¥* the class of meromorhic starlike normalized functions in U, so

e[ 40]-0ne0).

and with ¢ we denote the class of meromorhic convex normalized functions in U,

Ec:{geEO:Re {— (Z;/;S) +1)} >0,26U}.

Remark 3.3.4. [92] 1. An easy computation shows that the function

_ 0)
2=0

+1}>0,z€U.

f(z)=log(l+2),z€U (with log(1 + 2)

is conver on U and normalized, so the function g(z) = ﬁ, z € U belongs to the
class K;.
On the other hand we have

2g"(z) 1= log(1+ 2) + 2z

g (2) (14 2)log(1+2)’

and 1t 1s easy to see that the inequality
!
Re {— (Zg, ), 1)] >0
g(2)
. 1
does not hold for each z € U (for exemple we can take z = 5), sog ¢ X¢. In
other words, K; # °.

2. We know that the function f(z) = F ¢ K, so
14+e72
1 1 A
g(2) = ——==—-+¢€e" € K,.
=5

But on the other hand, it is easy to show that g € 3¢, hence K; N X # ().
1
3. If g € K;, then f = — € K C 5*(1/2), so g € ¥*(1/2). Therefore, we have
g
K; C ¥*(1/2).
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Theorem 3.3.3. [92/(the duality theorem between the classes ¥* and K;)
Let g : U — C be a function in X. Then g € K; if and only if the function

)
G(z) = 20 (2) SI4

Theorem 3.3.4. [92](the distortion theorem for the class K;) If the function
g belongs to the class K;, then we have:

1 1 1 .
——1<|g(2)| < =+1, |z| =r € (0,1) <equivalent with ‘\g(z)| — —‘ <1,ze€ U) ,
r r

2]
(1_T)2 <1g'(2)] < ( 1_+:2>2, =7 e (0,1),

T+ r

1 )
For |g(z)| these estimates are sharp and we have equality for g(z) = — + €', 7 € R.
z

3.4 The subclass of close-to-inverse-convex fun-
ctions

In this section we present a new class of meromorphic functions, named the
class of close-to-inverse-convex functions, which was defined in [92] and we will state
and prove two theorems regarding this class. The first theorem gives a connection
between the two concepts, inverse-convexity and close-to-inverse-convexity.

The results presented in this section are original and are published in [92].

Definition 3.4.1. [92] Let g : U — C be a meromorphic function in U of the form
o
g(z) = 71+a0+ozlz+---.

We say that the function g is close-to-inverse-convex in U if there exists an inverse-
convex function ¢ on U such that

Regl((z)) >0,z¢€ U.

We denote by C; the class of normalized close-to-inverse-convex functions on U,

SO

C’i:{geZ:(El)wEKi such that Rei/i'?) >0,Z€U}.

Let a < 1 < 3. We consider the next classes of meromorphic functions:

E*(a,ﬁ):{geZ:a<Re [—Zgggiz))] <6,zeU},

Cig = {g €5 : (A € K, N30, B) astfel incat Re i(é)) >0,z€ U} .
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Re A
2|A[2

< B,z€U (ie. g€ K;NX*(0,0)), then the function

Theorem 3.4.1. [92] Let A € C\ {0} with Re A > 2|\|?, B =

[ 35

and g € K; with

ha(2) = g(2) + \zg/(2), z € U,
1s close-to-inverse-convex.

We note that in the hypothesis of the above theorem we need Re A > 2|A[?
because we must have § > 1.

It is easy to see that Re A > 2|A|? implies |A\| < 1/2, so the above theorem can
not be used for the complex numbers A with |A| > 1/2.

We mention that a similar result, but which regards the analytic functions, was
given by B.N. Rahmanov in [74].

For v € C with Rey > 0 we consider the integral operator I, : ¥ — X given by

(3.4) L@)E =2 [ fa

We have the next theorem with respect to the classes K;, C; and to the integral
operator 1.
Rey+1

Theorem 3.4.2. [92] Let be v € C with Rey > 1 and § = 5

If IV[KJ C K;, then Iv[Ci;ﬂ] c C;.

3.5 Starlikeness properties for the integral ope-
rator Jg

The results presented in this section are original and are published in [90].
For ®,p € H[1,1] with ®(z)p(2) # 0, z € U, and o, 3,7,0 € C with 5 # 0, we
consider the integral operator Ji g’ma :H C ¥ — X, defined by:

1
v ﬂ - «a o—1 &
T s(9)(z) = / Dttt | .
2 = | 255 [r0e
The first result of this section present some important properties of the integral
operator Jigf%(s.

Theorem 3.5.1. [90] Let &, ¢ € H[1,1] with ®(2)p(z) #0, z€ U. Leta,3,v,0 € C
with 6 #0, a+~v=04+06 and Re(y— ) >0. If g € ¥ and
() (2
9(z)  (2)

+46 =< R(;_ml(z),
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then

(35) G(z) = I ,(9)(2) = Lg(f) /0 ga(t)@(t)té—ldt} ‘e

with zG(z) # 0, z € U, and

2G'(z)  29'(z)
Giz) | 9(z)

Re {ﬁ +’7:|>0,ZEU.
All powers in (3.5) are chosen as principal ones.

We next consider a particular case of Theorem 3.5.1. Considering ® = ¢ = 1,
a = 3, v =6 and using the notation Js, instead of Jﬁ;’ww we have:

Corollary 3.5.1. [90] Let 3,y € C with 5 # 0 and Re(y — () > 0. If g € ¥ and

ﬁzj(g) oy < R_5a(2),
then
(3.6) G(2) = Js.(9)( [7 b lae 1dt} ey,
with 2G(z) # 0, z € U, and
Re {ﬁzg(z) tyl >0 zeU

(All powers in (3.6) are chosen as principal ones).

Remark 3.5.1. 1. If we define the classes K, as

Kﬁﬁ = {g €EX:y+ ﬁzg(;) = 37_571(2)} )

from Corollary 3.5.1, we have that Js ., : Kg, — X with 2J5,(g9)(2) #0, z € U
and

@)@
Reb+5hxw@]>Q cv

2. Let be

Ks = {g €Y :Re [ﬂy+ﬁzg/(z)1 >0,z € U}.
9(2)

Using the above corollary we have Js(Kss) C Kgnqy 50 J5,(Kss) C Kany,
where 3, v € C with 5 # 0 and Re (y — 3) > 0.

R
3. If <0,y € C with § < Revy and if we consider °7

8
M)
).

< a < 1, then from

J5,(Ks.) C Kg, we deduce Js(3*(a)) C B* (
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If
— z B .
G(z) = [u/ t”f—lgﬁ(t)dt] ,2€U,
27 0

!
and if we suppose that p(z) = —Zg((j) is analytic in U, we have
z
/ /
(3.7) o)+ 2B 2@y

v = Bp(2) 9(2)
Next we find the conditions over the complex numbers a, 3,7, d such that
Js4(9) € ¥¥(a,0)

when g € ¥*(«, 0).
We mention that the integral operator Jg. is defined by (3.6) and the class
Y*(a, §) is defined as:

zg'(2)
9(2)

Z*(a,é):{geE:a<Re [—

<0, zeU } .
Similar results to those that follows, with respect to the operator J; ,, may also be
found in [1].

R
Theorem 3.5.2. [90] Let 3> 0, v € C and 0<a <1< < %
If g € ¥*(a,0), then G = Jg,(g) € £*(«, 0).

Taking 3 = 1 in the above theorem we obtain:

Corollary 3.5.2. [90] Let v € C and 0 < a <1 < d < Rewy. If g € ¥*(a,0) and

G(z) = i (g)(z) = L2 / gyt

2
then G € ¥*(a, 0).

R
Theorem 3.5.3. [90] Let 3 <0, v € C and % <a<l1l<i.

If g € ¥*(a,6), then G = Jg,(g) € £*(«, 0).

Remark 3.5.2. If we consider 6 — oo in the above theorem we obtain that for

R
6<0,7€CwithRey>ﬁand%§a<1,

gEeX(a)=G=Js,(9) € ¥ ().

Definition 3.5.1. Let § < 0 and v € C with Rey > (. For a given number

a € %, 1), we will define the order of starlikeness of the class Jg(X*(a)) as

the biggest number p = p(o; B,7) such that Jg.,(3*(a)) C 3* ().
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Theorem 3.5.4. [90] (the order of starlikeness of the class Jz ., (X*(«)))
Let f < 0,v—p > 0 and let Jg, be given by (3.6). If o € [ap, 1), where

1
(p = max {%, %} , then the order of starlikeness of the class Jz(X*(c)))
15 given by
u(a;ﬁ,v)z—l[ 1l =7
O LFi(1,20(a = 1),y +1-5;3)

where o F represents the hypergeometric function.
Further we will find some conditions for «, 3, v and § = §(«, 3,7) such that
T [E (@) N Kpq) C X5(0).
Theorem 3.5.5. [90] Let 0 < a < 1,0 < [ < ~. Let us denote
2y/27(a—12+a—a—1

Bila, ) = o1
o (a, B,y) = 2of 42y 1= VU Z;aﬁ —27)2+8(y — f)
=
> § and § < fi(0,7), then Jyo[S'(2) N Ky € (B, 5,7).
Ify< Lor { V> % , then Jg [S*() N Ks,] C £*(8(a, B,7)), where
8 B> fi(a,)

5(0&, 67 ’Y) = min{51 (Oé, 57 V)v 52(0(, 67 7)
The operator Js is defined by (3.6).

We see that if we consider, in the above theorem, the condition z.J, 5(g)(2) #
0, z € U, we have:

Theorem 3.5.6. [90] Let 0 < a <1, 0< (<7, g € ¥ (a) and G(2) = Jus(9)(2).
We suppose that zG(z) # 0, z € U, and we consider:

2/27(a—12+a—a—1

Bila,y) = o — 1) ;
Si(anfy) = 2Bt +1-V(0 262045 — 2 +80-f)
y(r, B.7) = 203 +26+1—- /(1 Zﬁmﬁ— 20)° +8(8-7)
Iy > % and 3 < By, ), then G € S*(31(a, B,7)).
Iy <o { v % , then G € S*(5(cv, 3,7)), where
8 B> b(a,)

d(a, B,7v) = min{d; (o, 5,7), 02(c, B,7)}
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Results which are similar to these two last results may also be found in [66] and
[79].
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Chapter 4

Integral operators on the class X
of meromorphic multivalent
functions

In this chapter we study the meromorphic multivalent functions and all the

results presented in this chapter are original and are published in [91] and [93].

In section 4.1 is defined an integral operator, denoted by Js ’OfB,% 5> and an exis-
tence theorem, with respect to this operator, is given.

In the sections 4.2 and 4.3 are studied the preserving properties of some new
subclasses, when we apply the particular integral operators J, g, and J, ..

In section 4.4 is considered a multiplier transformation, denoted by J7,, and a
new subclass of meromorphic multivalent functions is defined using this transfor-
mation and the condition from starlikeness. Then the preserving properties of this

subclass are studied, when the integral operator J, . is applied.

D
4.1 The operator Jp,a,ﬂ,’y,é

The results from this section are original and are published in [91].
For p € N* we denote by ¥, the class of meromorphic functions in U of the form

a_ .
9(2)2z—f+&o+alz+---+anz”+---,zEU, a_, # 0.

Let p € N*, @ ¢ € H[1,p| with ®(2)p(z) #0, z € U, o, 3,7, € C with 5 # 0 and
g € X,. We consider the integral operator

78 (9)(z) = [7 v Zgﬂ(t)so(t)t“dt} "

Pt 292 Jy

where all powers are chosen as principal ones.
The first result of this section presents some important properties for the operator
considered above.
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Theorem 4.1.1. [91] Let p € N*, &, ¢ € H[1,p|] with ®(z)p(z) # 0, z € U. Let
a,B,7v,0 € C with § # 0,0+ pB = v+ pa and Re(y —pB) > 0. Let g € ¥, and
suppose that
() 2002
9(z)  »(2)
IfG=1J aﬂw&( ) is defined by

+0 < R(;,pmp(z).

11) 6 =06 = | T [ rwetora) s e 0,

then G € ¥, with 2PG(2) # 0, z € U, and

2G'(z)  29'(z)
GG )

Re [ﬁ +7}>0,z€U.

All powers in (4.1) are principal ones.

Taking a« = 3 and 7 = ¢§ in the above theorem and using the notation Jf ’507

instead of Jpﬁﬁvw

Corollary 4.1.1. [91] Let p € N*, &, € HI[1,p| with ®(2)p(z) # 0, z € U. Let
B,y € C with #0 and Re(y —ppB) > 0. If g € ¥, and

we obtain the next corollary:

zg'(z)  z¢'(2)
oz) o)

+7 < Ry ppp(2),

then

G(z) = Jz?ﬁ@v( )(2) = D&)éﬁ) Ozgﬁ(typ(t)t”ldtr €X,,

with 2PG(z) # 0, z € U, and

2G'(z)  29'(z)
R >0,z¢eU
e+ o
Considering ® = ¢ =1 in Corollary 4.1.1, and using the notation J, g - instead
of Jpﬁﬁvw we obtain:

Corollary 4.1.2. [91] Let p € N*, 3,y € C with  # 0 and Re(y — pB) > 0. If
g €, and
zg'(2)

4 9(2)

+ < Ryppp(2),
then

66 = st = 22 [ oea] e,
with 2PG(z) # 0, z € U, and

2G'(2)
G(z)

+79 >0,z U.

Re {ﬁ
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Let p € N*, 8,7 € Cwith 8 # 0, g € ¥,, G = J,3-(g9) and let us denote

P(z) = —Zg(i§>, z € U. If we suppose that P € H(U), we obtain from
_ 2 3 .
G(z) = {7 pﬁ/ t”‘lgﬁ(t)dt} ,z€U,
27 0
that P )
(4.2) P(z) + _2PE) S (2), zeU.

v = BP(z) 9(2)
Considering 3 = 1 in the above corollary and using the notation J, ., instead of
Ip 1, We get:

Corollary 4.1.3. Let p € N* and v € C with Rey > p. Let g € ¥, satisfying the

condition: )
zg'(2)
9(2)

+7 < Ry_pp(2).

Then

G(2) = Jyo (9) () = 122 / e s,

2

with z?G(z) # 0, z € U, and Re {7 + G >0,z€eU.

G(2)
Theorem 4.1.2. [91] Letp € N*, A € CwithRe XA > p. Ifg € ¥, , then J,\(9) € ¥, ,
A _ z
where J, (9)(2) = z/\p/ g(t)t*tdt.
0

Remark 4.1.1. [91] Letp € N*, A€ CwithReA >p and X, ={g € X, : a_, = 1}.
From the above theorem, it is easy to see that we have J, x(g) € Xp0, when g € X,.

4.2 The operator J, 3, applied to the class ¥’ («, d)

The results presented in this section are original and are published in [91].
Let p € N* and «,0 € R with o < p < 9. We consider the classes:

(o) = {g €3, : Re {—Zggég)} >a, z€ U},

Yo(a,0) = {ge Y, a<Re [—25;(;))] <9,z € U}.

We remark that X7 («) is the class of meromorphic starlike functions of order a.
For the next results we need the following lemmas:

Lemma 4.2.1. [91] Let n € N*, o, € R and v € C with Rey > afp. If
P e H[P(0),n] with P(0) € R and P(0) > «, then we have
2P'(2)

Re {P(z) + oGy 3P(2)

}>oz:>ReP(z)>oz,z€U.

31



Lemma 4.2.2. [91] Letn € N*, §, 3 € R andy € C withRe~y > 5. If P € H[P(0),n]
with P(0) € R and P(0) < §, then we have

2P'(z2)
v = BP(2)

Next we will find conditions over the numbers «, 3, v, d such that J, 5,(g) € X7 (a,d)
when g € ¥3(a, §), where J, 5, is the integral operator defined by

(13) Bt = |72 [ ﬂ-ldt]

Theorem 4.2.1. [91] Letp e N*, 3> 0,y€Canda <p<d < ——
If g € X(a,0), then G = Jp5,(g9) € X5 (a,0).

Re [P(z)—l— } <d=ReP(2)<d,zeUl.

Re’y
p

Taking 3 = 1 in the above theorem and using the notation J, ., instead of J, .,
we obtain:

Corollary 4.2.1. [91] Letp € N*, vy € C and a < p < § < Rev. If g € ¥;(a,9),
then
G = Jps(9) € E(a,0),

where J,(g)(2) = 7 —p/ O g(t)dt, z € U,
0

27

Theorem 4.2.2. [91] Letp e N*, > 0,7y € C and a < p < Rey <.

B
If g € X)(a,0), with
29'(2)

9(2)

g

then G = J,5,(9) € 5(a, d).

+9 < Ryppp(2),

If we consider § — oo, in the above theorem, we obtain the next corollary:

Rey
p

Corollary 4.2.2. [91] Letp e N*, > 0,7 € C and a < p <
If g € X (), with

29'(2)
9(2)

B + 9 < Ryppp(2),

then G = J,5,(9) € ¥5(a).

We make the remark that we can obtain a similar result, without the condition
29'(2)
9(2)

Re~
Theorem 4.2.3. [91] Letp e N*, 3> 0,7y€ C, a <p < R and g € ¥5(a). Let
G = Jppr(9) If G €y and 2PG(2) # 0, z € U, then G € ¥3(a).

g

+v < Ry_ppp(2), as it follows:
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Since we know from Theorem 4.1.2 that for p € N*, v € C with Revy > p, we
have J,(g) € ¥, when g € 3J,, we obtain for the above theorem, taking 5 = 1, the
next corollary:

Corollary 4.2.3. [91] Let p € N*, v € C and a < p < Re~.
If g € X(a) with 2 J,,(9)(2) # 0, z € U, then G = J,,(g) € Ey(a).

Taking # = 1 in Theorem 4.2.2, we get:
Corollary 4.2.4. [91] Let p e N*, v € C and o« < p < Rey < 6.
If g € X3(a,0), with
29'(2)

9(2)

T < Rypp(2),
then G = J,,(g) € ¥3(a,0).
Re~
Theorem 4.2.4. [91] Let p e N*, 3 <0, v € C and 5 <a<p<yd.

If g € X¥(a,0), then G = Jp5,(g9) € X5 (a,0).

If we consider § — oo, in the above theorem, we obtain the next corollary:

R
Corollary 4.2.5. [91] Let p e N*, 3 <0,y € C and % < a < p. Then we have

g€ Xy(@) = G=Jps,(9) € Xy(a).

R
Theorem 4.2.5. [91] Let p e N*, 5 < 0,7 € C and a < % <p<é.
If g € X3(a,0), with

625((2/?) +7 < Ry—ppp(2),

then G = Jyp5,(9) € X(a,0).
If we consider § — oo, in the above theorem, we obtain the next corollary:

R
Corollary 4.2.6. [91] Let p e N*, 3 < 0,7 € C and a < 207 .

B
If g € Xy (a), with
zg'(2)

& 9(2)

+7 = R’Y—p57p(z)a

then G = J,5-(9) € E;(oz).

We remark that we can obtain a similar result, without the condition

2g'(2)
& 9(2)

+0= R’Y—p@p(z)a
as it follows:

R
Theorem 4.2.6. [91] Let p e N*, 3 < 0,7 € C, a < % <pandg€ Z;(a), Let
G =Jypr(9). If G €Xy and 2PG(2) # 0, z € U, then G € Zj(a).
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4.3 The operator J, ., applied to the classes XK («, d)
and >C,(c, d; )

The results presented in this section are original and are published in [91].
Let p € N* and o, 0 € R. We consider the next subclasses of meromorphic functions:

!
YK, (o) = {g €Y, :Re [1 + Z;(ij)] < —q, z € U}, a<p,
EKILO(O‘/) == ZKP(O[) N Zp,(),

YK, (a,0) = gEEp:&<Re{—1—Zj<iZ)) <(5,26U},a<p<(5,
YK, o(a,d) = XK,(a,0) N X0,
g'(2)

YCo(a, d50) = {g €X,0:a<Re

NS ZKP70(OC,5).

We remark that X K;(a) N Xy is the class of normalized meromorphic convex
functions of order a.

Let v € C with Rey > p. We consider the integral operator J,  defined by

p ]<5,26U}, where a <1 <p< ¢ and
¢'(2)

Jon(g)(z) = 122 / Alg(t)dt, g € 5,

z7

It is easy to see that if g € X, has the form

g(z)—a—;f’—l— an®, 2 e U,
“ k=0
then
a— TP
J, Z)=—2 apz”, z€e U
pv(g)( ) P vk k

Moreover, J,~(2¢'(2)) = 2 [J,~(9)(2)], z € U.

Theorem 4.3.1. [91] Let p € N*, v € C with Rey > p and let « < p < § < Re~.
If g € BKp(a,0) and 2P*1J)_(g)(2) #0, z € U, then

Jp~(9) € XKp(a,0).

Theorem 4.3.2. [91] Let p € N*, o« € R and v € C with « < p < Rey. If
g € XKp(a) and 2PV _(g)(2) #0, z € U, then

Jpr(9) € K, ().

Theorem 4.3.3. [91] Let p € N*, v € C with Rey >p anda <1 <p < < Rer.
Let ¢ be a function in XK, o(o,0) and g € XCpo(a, 05 ) such that 2PT1J) () #
0, z€ U, then

Jp(9) € XCpo(ar, 6; D),

where ® = J, ().
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We remark that Theorem 4.3.1 and Theorem 4.3.3 can be improved as it follows:

Theorem 4.3.4. Let p € N*, v € C with Rey > p and a < p < § < Re~.
If g € ¥K,(a,9), then
Jp~(9) € XKp(a,0).

Theorem 4.3.5. Let p € N*, v € C with Rey >p and a <1 <p < d < Re~. Let
v € XK, o(a,d) and g € XCp (e, 0; ), then

Jpr(9) € ECpo(e, 6; D),
where © = J, ().

Theorem 4.3.4 and Theorem 4.3.5 are not published yet.

4.4 Subclasses of the class X, defined through a
multiplier transformation

The results presented in this section are original and are published in [93].
Let n € Z, p € N* and A € C with Re A > p. We consider the operator J, on 3,
defined by:

" a_ [ A—p a_
Joag(z) = z_Pp + ; (m) apz®, where g(z) = —2 + Zakz

We mention that this operator may also be found in [5]. We have the next properties
for the above operator:

. A
L Jg(2) = 3 _ngl(Z) + )\—_pg(z)a g € X,
2. J),9(2) = 9(2), g €%,
3. 1gz) =222 [Tty = 5
- Spa9(z) = = ot g(t)dt = Jpa(9)(2), g € 5y,

4. 1t g € ¥, with J)'\g € ¥, then J7\(J)'\g) = J)3\™g, for m,n € Z.

Remark 4.4.1. [953] Let p € N* and A € C with Re A > p. We know that if g € ¥,
then J, 1(g) € X,, hence, using item 4 and the induction, we obtain

Jyrg €3, forall n € N
We notice from item 1 that for g € X, we have J )\g € Xy, SO
J,xg €%, forall n e N

Therefore, for n € Z, p € N*, A € C with Re A > p, we have J, : ¥, — 3.
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Now it is easy to see that we have the next properties for J;'y, when Re A > p :
L T (Ihg(2)) = ;3 "g(2), nm € Z, g € 5, ,

2.

K‘

D,y

ol
o (Jpn9(2)) = 5 (T, 9(2)), n,m € Z, g € Xy, Rey > p,
3. (g1 + g2)(2) = Jpag1(2) + I yga(2), for g1, 92 € 5y, 0 € Z,
4. JP\(cg)(2) = cJ)yg(z), c € C*, n € Z,
5. Jya(2g'(2)) = 2(Jh9(2)) = (A = p)Jp3 g(2) = ATpag(2), n € Z, g € 5.
Remark 4.4.2. [93]

1. When A =2 and p = 1, we have

(e 9]

Tiag(2) = — + Z (k+2)~
and this operator was studied by Cho and Kim [17] for n € Z and by Uralegaddi
and Somanatha [97] for n < 0.
2. We also have the relation
ZzJﬁzQ@) = Dn(ZQQ(Z))a g€ X,
where D" is the well- known Salagean differentiii operator of order n [82],

defined by D" f(z) = z + anakz (2) =2+ Z apz”
k=2

3. J}'\ is an extension to the meromorphic functions of the operator K, defined
on A(p) =< fe€ HU): f(z) = 2P+ Zap+nz } introduced in [87]. Also,
for n > 0 we find that K} is the Komatu linear operator, defined in [35].

4. It is easy to see that for n > 0, J, is an integral operator while J ' is a
differential operator with the property J \(J;'\g9) = g, g € %)

Definition 4.4.1. /93] For p e N*, n € Z, A\ € C,ReA > p and o < p < § we

define
n /
ELpA9N%)) (Jp,)\g(z)) >,z U
J;i)\g(z) ’ 7

—ig&ﬁﬁll<&zeU}.

BSy (o) = {g €Y, :Re

XS]\ (a,0) =qg€ X, a<Re
p,)\( ) { p J;;)\g(Z)
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Remark 4.4.3. [93]

1. We have g € ¥.57, () if and only if J}'\g € ¥5(a), respectively g € ¥S7,(a, d)
if and only if J7'\g € X7 (e, ).

2. Using the equality 2(J}'\g(2))" = (A —p)JX}lg(z) — AJJ,g(2), we can easy see
that for Re A > p the condition

Jr ’
a < Re —Z(:’A—g(z)) <6,z¢eU,
Jp,)\g(z)
is equivalent to
J" gz
(4.4) Re)l —d < Re ()\—p)Lg() <Rel—a, z€U.
Jﬁ,\g(2>

3. We have
ES&A(a,é) =X (a,0),

2S5, (e, 6) = {g €, G(z) = ﬂ/ tMg(t)dt € E;(a,d)} .
0

2A

The following theorem gives us a connection between the sets XS, () and
ESIZXI(@), respectively between ¥.57, (a, 0) and ES;;I(Q, J).

Theorem 4.4.1. [93] Let p € N*, n € Z, A € C with ReX > p, « < p < 0 and
g € Xy,. Then
g € BS;A(a) & Jpa(g) € B3 (@),

g€ XS\ (a,0) & Jpa(g) € 253;1(04,5),

where J,A(g)(2) = A —p/ t*tg(t)dt.
0

oA

Theorem 4.4.2. [93] Letp € N* n € Z,\,v € C withRe\ > panda <p < § < Re~.
Then
g€ XS \(a,0) = Jp,(g9) € XSy (v, 6).

Corollary 4.4.1. [93] Letn € Z,p e N*, A € C and a« < p < § < ReX. Then we
have

2S5 (e, 8) € LS (e, ).

Theorem 4.4.3. [93] Let n € Z,p € N*, A,y € C with ReA > p and a < p <
Rey < 0. If g € BS),(a,0) and satisfies the condition

z [‘];?,/\(g)(z)}/

T T el

then J,~(g) € XS \(a, ).
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If we consider in Theorem 4.4.3 that 6 — oo we get:

Theorem 4.4.4. [93] Let n € Z, p € N*, X\, € C with Re A > p and a < p < Re.
If g € XS} \ () and satisfies the condition

Z[ ;?,/\(g)(z)}/ .
NI
then J,~(g) € XS\ ().

Theorem 4.4.5. [93] Letn e N, p e N* A,y € C anda <p <Rey <ReX <§. If
h € ¥S),\(a,6) and satisfies the condition

zh (2)

+9 = Rypp(2),

then J,~(h) € £.S7,(a, 6).
If we consider v = A, in the above theorem, we obtain:

Corollary 4.4.2. [95] Let n € N, p € N*, A € C and h € £S5, (a,0) with a <p <

ReX <o. If )
zh/'(z
h(2)

+ A=< R)\,np(Z).

Then Jpx(h) € BSy,(a,0).
Taking n = 0 in Corollary 4.4.2, we get:
Corollary 4.4.3. [95]Let p € N*, A € C and o < p < ReX < 4. If h € ¥5(a,6)

with
zh (2)

h(z)

+A=< R,\_p,p(z),
then Jpa(h) € ¥5(a, ).

If in Corollary 4.4.3 we consider § — co we have the next result:
Corollary 4.4.4. [953] Letp € N*, A€ C and a < p < ReA. If h € X} (a) with
zh (2)
h(z)

+ A=< RA*PJO(Z)?

then Jpa(h) € E5(a).

We remark that Corollary 4.4.3 and Corollary 4.4.4 were also obtained in section
2 of this chapter.
From the proof of Theorem 4.4.5 we remark that we also have:

Theorem 4.4.6. [93] Letn € Z, p € N*, A,y € C with Re A > p and a < p < Re~.
If g € TS\ (a) with Jy (J25(9)(2)) 0, 2 € U, then

Jpy(9) € X575 ().

Taking n = 0 in the above theorem we get the next corollary, which was also
obtained in section 2 of this chapter.

Corollary 4.4.5. [93] Let p € N*, v € C and a < p < Rev. If g € ¥5(a) with
PIA(9)(2) #0, 2 €U, then J,,(g) € Ey(a).
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Chapter 5

Applications of the Briot-Bouquet
differential subordinations and
superordinations

In this chapter we define new subclasses of meromorphic multivalent functions
using the subordination and the superordination and we establish the conditions
such that when we apply one of the integral operators .J, 3. or J,, to a function
which belongs to one of these subclasses, we get a function which belongs to a similar
class.

The results presented in this chapter are original and were sent for publishing.

5.1 The operator J, 3, and the class X5,(hi, ho)

The results presented in this section will be published in [94]. The first result is
a simple lemma and we will use it latter to present some examples for the results
included in this paper.

Lemma 5.1.1. [94] Let o, 3,y € C with v # 0, o« +v # 0 and |B| < |y|. Let h be
the function
az

,zeU
Bz +

h(z)=z+

If we have
(5.1) 4By’ < (1] = 181)%|a + 91,

then h is convexr in U.

Remark 5.1.1. [9/] 1. It is obvious that if h is a convexr function in U (with
R(0) # 0), then 01 + d2h(rz) is also a convex function, when r € (0,1], d1,d5 € C,
5o # 0.

2. If we consider o = || = 1 in the above lemma, then the condition (5.1) becomes

(5.2) APyl < v+ 1y = D%
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It is not difficult to verify that the condition (5.2) holds for each real number vy > 3,2.
In other words, the functions

z Z
2+
Y+ z Y=z

z+ , 2 €U,

are conver functions when vy > 3,2.
We mention here that in [70] the authors proved that the function

h(z):1~|—z~|—zz zeU,

+27

. . . z . .
1s convex in U, so the function z + 5 1s also a convex function.

z

Next, we define some new subclasses of the class ¥, associated with superordi-
nation and subordination, such that, in some particular cases, these new subclasses
are the well-known classes of meromorphic starlike functions.

Definition 5.1.1. [94] Let p € N* and hy,ho,h € H(U) with hi(0) = hye(0) =
h(0) = p and hi(z) < ho(z). We define:

£, (hi, ha) = {g €%, () < —Zj;g) < hQ(z)} ,

£S,(h) = {g ey, ~H0) h(z)} .

-2
We remark that if we consider h(z) = hyq(2) = IM
—z

since hyo(U) = {2z € C: Rez > a}, we have ¥.5,(hya) = X5 ().
We have the integral operator J, g defined by

po
Jp”@n(g)('z {7 / ™ ldt} , g € Xy,

and it was introduced at section 4.1.

Theorem 5.1.1. [94] Let p € N* and 3,7 € C with 5 # 0 and Re (v —pB) > 0. Let
hy and hy be convex functions in U with hy(0) = he(0) = p and let g € £S,(h1, h2)
such that

29'(2)

B
9(2)
Suppose that the Briot-Bouquet differential equations

,2€e U0 < a<p,

+ = Rv—ﬁp,p(z)'

2q'(z) 2 an ; pq'(2) — hol2). =
(5.3)  q(2)+ =) hi(z) and q(z)+ P hao(2), z € U,

have the univalent solutions qi and ¢ , respectively, with ¢i(0) = ¢5(0) = p and
a1 = hi, g5 < ho.

2g'(2) . , , 2G'(2)
Let G = J 1 1s unwalent in U and

G € £S,(q1,45)-

€ Q, then
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The functions qi and ¢5 are the best subordinant and the best (p,p)-dominant,
respectively.

If we consider in the hypothesis of Theorem 5.1.1 the condition
Rel[y = Bha(2)] > 0, z € U,
instead of

625;55) +7 < Ry—ppp(2)

we get the next result.

Theorem 5.1.2. [94] Let p € N* and 3,y € C with  # 0 and Re (v — p3) > 0.
Let hy and hs be convex functions in U with hy(0) = hy(0) = p, hy < hy and

Re[y — Bha(2)] > 0, z € U.

! G/
29'(2) 18 univalent in U and 2G(z)

9(2) G(z)

G e XS,(q1.4),

where qi and g5 are the univalent solutions of the Briot-Bouquet differential equa-
tions

Let g € X.Sy(h1, he) and G = J,5+(9). If
then

€Q,

G
(5.4) a(z) + — Ba(z) me), z€ U
and, respectively, ()

_paq(z)
(5.5) q(z) + = Ba(2) hy(z), z € U,

with q(0) = ¢5(0) = p.
The functions qi and ¢5 are the best subordinant and the best (p,p)-dominant,
respectively.

Remark 5.1.2. [94] Let the conditions from the hypothesis of Theorem 5.1.2 be
fulfilled. If we consider, in addition, that ¢} and ¢3 are the univalent solutions of
the Briot-Bouquet differential equations

pzq ()
qQqz2)+ ——=h(2), z €U,
=) v — Bq(2) 1(2)
and, respectively,
2¢'(2)
q(2) + ———— =ha(2), z € U,
=) v — Bq(z) ()
with ¢7(0) = ¢3(0) = p, we have from the above theorem and Theorem 2.3.1, that
2G'(2)

< 4(2) < qa(2).

#(2) =< al(:) <~ 55

Hence G € ¥S,(qi, ¢5) is the best choice.
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If we consider for Theorem 5.1.1 only the subordination, we obtain the next
result.

Theorem 5.1.3. Let p € N* and 3,7 € C with  # 0 and Re(y — pB) > 0. Let h
be a convex function in U with h(0) = p and g € £.5,(h) such that

2g'(2)

B 9(2) +7 = Ry—ppp(2)-

Suppose that the Briot-Bouquet differential equation

pzq'(2)
v — Bq(z)

has the univalent solution q with q(0) = p and ¢ < h. Then

q(z) + =h(z), z€ U,

G = Jpp4(9) € BSp(q).
The function q is the best (p,p)-dominant.

Theorem 5.1.4. [9/] Let p € N* and 3,y € C with 5 # 0 and Re[y—pB] > 0. Let
hi and hy be analytic functions in U with hi(0) = he(0) = p, hy < he and

(1) v —Bha(z) < By ppa(2).

If ¢1 and qs are the analytic solutions of the Briot-Bouquet differential equations

(5.6) q(z) + % =Mm(2), 2 €0,
and, respectively, ,
(5.7) q(z) + % =ha(2), z € U,

with ¢1(0) = ¢2(0) = p and if

/
(17) 20 (2) is starlike in U,

v — Ba(z)
/
(791)  hy is convez or _202) is starlike,
v — Baa(2)
then ¢, and qs are univalent in U.
z29'(2) 2G'(2)

1s univalent i U and

9(2) G(2)

G e £S,(q1, q2).

The functions q1 and qs are the best subordinant and the best (p,p)-dominant, re-
spectively.

Moreover, if g € £.5,(hy, he) such that
where G = J,5-(g), then

€Q,
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From Theorem 2.3.2, since p # 0, we have that the solutions ¢; and ¢y (from the
above theorem) are given by:

-1

z -1 1Ir )PP
¢ (2) = 27H{ PP (2) {—5 /0 prﬁ(t)t”‘ldt} +% = [—ﬁ /0 ’Z;l((tz)) Lt
(5.8)
.l -6 7 1 - Y —f ! —HZ(tZ)_iﬂ Y1 B
@(2) = 2v Hy P (2) [7/0 Hy P (t)tv ™ dt} +B = [7/0 ) tr | -
(5.9) _ _
where

* hy(t) —
Hi(z) :zexp/ Mdt, k=1,2.
0 pt

If we consider only the subordination for Theorem 5.1.4 we obtain the next result.

Theorem 5.1.5. [9/] Let p € N* and 3,y € C with  # 0 and Re (v — p3) > 0.
Also let h € H(U) with h(0) = p such that

(1) v = Bh(2) < Ry—ppp(2).
If q s the analytic solution of the Briot-Bouquet differential equation

() + pzq'(2)

T Bg(s) " EED
with q(0) = p, given by (5.9) and if
/
(1) h s convex or e is starlike,
v — Ba(z)

then q is univalent in U.
Moreover, if g € ¥.5,(h) and G = J,5,(g), then G € £S,(q).
The function q is the best (p,p)-dominant.

If we consider, in the above theorem, that the function h is convex we obtain the
corollary:

Corollary 5.1.1. [94] Let p € N* and 3,y € C with 8 # 0 and Re (y — pB) > 0.
Also let g € ¥£.S,(h) with h convex in U, h(0) = p. If the function h satisfies the
condition

v — Bh(z) < vaﬁp,p(z)v
then
G = Jpﬂn(g) € ZSp(q),

where q is the univalent solution of the Briot-Bouquet differential equation

pzq'(2)

W:h(z),zea

q(z) +

with ¢(0) = p.
The function q is the best (p,p)-dominant.
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Next, we present an application for the above corollary, when g = 1,7 € R, for
a particular function h. We will use the notation J, , instead of J, 1 5.
Corollary 5.1.2. [9/] Let p € N* and v > p+3 such that 4p(y—p)* < y(y—p—1)3.
If g € £S,(h) with h(z) =p+ z + L, then

Y—p—2
G =Jy~(g9) € BSp(p+ 2),

2G'(2)
G(2)

< 1, z € U. Therefore,

2G'(2)
G(z)

this meaning that G € X3 (p — 1,p+ 1).

which is equivalent to +p

p—1<Re[— ]<p+1,z€U,

If we consider for Corollary 5.1.1 the condition Re [y—h(2)] > 0, z € U, instead
of v — Bh(2) < Ry_gpp(2), We get:

Corollary 5.1.3. [94] Let p € N* and 3,y € C with 8 # 0 and Re (y — pB) > 0.
Also let g € 3S,(h) with h convex in U and h(0) = p. If

Rely = Bh(2)] > 0, z € U,

then
G = Jpp4(9) € BS,(9),

where q is the univalent solution of the Briot-Bouquet differential equation

2q'(z

(2) + pzq'(2)

W:h(z),zEU, q(0) = p.

The function q is the best (p,p)-dominant.

Since for Corollary 5.1.3 we have ¢ < h (see Theorem 2.3.1), we get the next
corollary:

Corollary 5.1.4. [94] Let p € N* and 3,y € C with 8 # 0 and Re (y — pB) > 0.
Also let g € 3S,(h) with h convex in U and h(0) = p. If

Re[y — Oh(2)] >0, z € U,

then
G = Jpﬂﬂ(g) € ESp(h).

Furthermore, using Corollary 5.1.4 for a particular function h, we present a result
which was also obtained in section 4.2.

-2
We consider h(z) = hy,o(2) = w, z € U,wherep € N*and 0 < a < p.
—z
It is not difficult to see that h,,(U) = {z € C/Rez > a} and h,,(0) = p.

Hence
g € ESp(hna) & g€ E;(a).

We get now the next result:
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R
Corollary 5.1.5. [94] Let p € N*, 5 <0, v € C and % < a < p. Then we have

g €)= G = Jpp,(9) € Xylq).

5.2 The operator J,, and the class X K,(hi, h)

The results presented in this section are original and will be published in [95].

We introduce some new subclasses of the class of meromorphic multivalent func-
tions, which are defined by subordination and superordination, such that, in some
particular cases, these new subclasses are the well-known classes of meromorphic
convex functions.

Definition 5.2.1. [95] Let p € N* and hy,he,h € H(U), with hi(0) = hy(0) =
h(0) = p and hi(z) < ho(z). We define:

S K, (hy, he) = {g €%, hi(z) < — {1 + Zg”@)} < hg(z)} ,

9'(2)
SK,(h) = {g ey, — {1 + Zgg,/;i’?] ~< h(z)} ,

YK, 0(h1, he) = K, (h1,ho) N E,0, 2K, 0(h) = XK,(h) N X, 0.

—~

-2
We remark that if we consider h(z) = hy(2) = IM, zeU0<a<p,

-z
since h(U) = {z € C: Rez > a}, we have XK, (h,,) = XK,(a).

Theorem 5.2.1. [95] Let p € N* andy € C with Rey > p. Let hy, hy be convex fun-
ctions in U with h1(0) = hy(0) = p and g € XK,(hy, he) with 2P*1J)_(g)(z) #0, z € U.
Suppose that the Briot-Bouquet differential equations

2q'(2)
q(z) + ———= =hi(z), z €U,
A SR
" (p+1)2q'(2)
p+1)zq(z
q(z) + ——2
A q(2)

have the univalent solutions ¢} and ¢4t respectively, with ¢}(0) = ¢4 (0) = p and
N ¢ (2
g \z) . , . 2G7(z

Let G = J, / lent in U and
e by (9)- If 7 () 18 univalent in U an 6

The functions qi and qé’“ are the best subordinant and the best (p,p+1)-dominant,
respectively.

= hQ(Z)v z € U7

€ Q, thenG € XK, (¢}, 5.

If we consider in the hypothesis of Theorem 5.2.1 the condition
Re[y — ho(2)] >0, z € U,

instead of 2#*1.J) _(g)(2) # 0, z € U, we get the next result.
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Theorem 5.2.2. [95] Let p € N* and v € C with Rey > p. Let hy and hy be convex
functions in U with hy(0) = ha(0) = p and g € XK, (hy, he). Suppose that

Re[y — ho(2)] >0, z € U.

1 G//
zg, (2) 1s uniwalent in U and 27 (2)

g'(z) G'(2)

G € LK,(qf, ™),

Let G = J,,(9). If

€ Q, then

where g} and qg+1 are the univalent solutions of the Briot-Bouquet differential equa-
tions
2q'(2)

q(z) + 7_—Q(Z) =hi(2) and q(z)+

(p+1)zq'(2)

= ho(z), respectively,
v —q(2)

with q1(0) = ¢5*(0) = p.
The functions q} and qgﬂ are the best subordinant and the best (p,p+1)-dominant,
respectively.

Remark 5.2.1. [95] Let the conditions from the hypothesis of Theorem 5.2.2 be
fulfilled. If we consider, in addition, that ¢"*" and ¢} are the univalent solutions of
the Briot-Bouquet differential equations

/
=hi(z) and q(z) + O = ha(z), respectively,

(p+1)2q'(2)
a(z)+ v —q(2)

v —q(2)
with ¢! (0) = ¢(0) = p, we have from the above theorem and Theorem 2.3.1, that

2G"(z) p+1

p+1
Gz ®

6 (2) < q(z) < —1-

(2) < @2(2).

Hence G € YK, (q}, ¢5™") is the best choice.

If we consider for Theorem 5.2.1 only the subordination, we obtain the next
result.

Theorem 5.2.3. [95] Let p € N* and v € C with Rey > p. Let h be a convez
function in U with h(0) = p and g € LK,(h) with zP*J) _(g)(2) # 0,z € U.
Suppose that the Briot-Bouquet differential equation

(p+1)2¢'(2)
2) +
=) v —q(2)
has the univalent solution q with ¢(0) = p and q < h.
Then

=h(z), z€ U,

G=J,,(9) € £K,(q).
The function q is the best (p,p+1)-dominant.
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Theorem 5.2.4. [95] Let p € N* and v € C with Rey > p. Let hy, hy € H(U) with
hl(()) = hg(O) =P, hl =< h2 and

(i) v —ha(z) < Ry_p1(2), z € U.
If ¢1 and qs are the analytic solutions of the Briot-Bouquet differential equations

(p+1)2q'(2)

24y s
(5.10)  q(2) + ——= = h(2), q(z) + o

v —q(2) = ha(2), € U,

respectively, and if
/
) _Enlz) is starlike in U,
¥ —aq(2)
2q5(2)

18 starlike,
v = q2(2)

(7i1)  hy is convex or

then ¢, and qs are univalent in U.
. z9"(z) . : 2G"(2)
M € XK,(hi,h h that lent in U and
oreover, if g »(h1, ha) such tha 70) 1s univalent in U an )
where G = J,~(g), then
G € ZKp(q17q2)-

The functions 1 and gy are the best subordinant and the best (p,p+1)-dominant,
respectively.

€Q,

If we consider only the subordination we have the next result.

Theorem 5.2.5. [95] Let p € N*,v € C with Rey > p, h € H(U) with h(0) = p
and

(i) v —h(z) < Ry_pp(2).
If q s the analytic solution of the Briot-Bouquet differential equation

(p+1)2q'(2)
v —q(2)

q(z) + =h(z), z€ U,

/
(i) h is convex or ) is starlike,

then q is univalent in U.
Moreover, if g € XK,(h) and G = J,,(g), then G € ¥K,(q).
The function q is the best (p,p+1)-dominant.

If we consider, in the above theorem, that the function h is convex we obtain the
corollary:
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Corollary 5.2.1. [95] Let p € N*,v € C with Rey > p, and g € ¥K,(h) with h
convex in U. If

v —h(z) < R’yfp,p@):
then
G = Jp,’y<g) € XK,(q),

where q is the univalent solution of the Briot-Bouquet differential equation

(p+1)zq'(2)
q(z) + ———————==h(z), z €U,
=) v —q(2) )
with q(0) = p.
The function q is the best (p,p+1)-dominant.

We next present an application for the above corollary, when h is a particular
function.

Corollary 5.2.2. [95] Let p € N*, v > p+ 4 such that 4(p + 1)(v — p)* < (v +
Dy —p— 1)

1
If g € XKy(h), with h(z) =p+ 2z + {ptDz

T—DP— %

G=J,,(9) € ZK,(p+ ).

, then

If we consider for Corollary 5.2.1 the condition Re [y — h(z)] > 0, z € U, instead
of v — h(z) < Ry_, (%) we get:

Corollary 5.2.3. Let p € N*,v € C with Rey > p, and g € XK, (h) with h convex
in U. If
Re[y—h(2)] >0,z €U,

then
G = Jp,(9) € K,(q),

where q is the univalent solution of the Briot-Bouquet differential equation

(p+1)z¢'(2)

q(z) + ———————==h(z), z €U,

) v —q(2) )

with q(0) = p.
The function q is the best (p,p+1)-dominant.

Since for Corollary 5.2.3 we have ¢ < h (see Theorem 2.3.1), we get the next
corollary:

Corollary 5.2.4. [95] Let p € N*,v € C with Rey > p, g € £K,(h) with h convex
m U. If
Rely —h(z)] >0,z €U,

then
G=J,,(9) € ZK,(h).
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Furthermore, we present two simple examples which use the above corollary.

Exemple 5.2.1. Let us consider h(z) = (Rey—p)z+p, z € U, wherep € N*, v € C
with Rey > p and let g € XK,(h).
We have h convex in U and

Re[y—h(z)] >0,z€U,
so, we get from the above corollary that
G = Jps(g) € BKH(h),

which is equivalent to

2G"(2)
G'(2)

hence G € ¥K,(2p — Re~y,Re).

< (Rey—=p)z+p, z €U,

The next example is a result which was also obtained in section 4.4.

Exemple 5.2.2. Let p € N*, v € C with Rey > p and let a < p < § < Re~. If
g € XK,y(a,9) , then
Jpy(9) € BKp(a, 6).

5.3 The operator J, ., applied to the classes >XC, o(h1, ha; ¢, h)
and Zcp,o(hg; h)

The results presented in this section are original and have been sent for publi-
shing. First we define some subclasses of ¥, associated with superordination and
subordination, using the close-to-convexity condition.

Definition 5.3.1. [96] Let p € N*, hi,ho,h € H(U) with h(0) = hao(0) = 1,
h(0) = p, h1 < he and ¢ € XK, o(h). We define:

, _ RN AC) s
¥Cpo(h1, hos, h) = {g € Ypo: h(2) < () < ha( )} ;
, _  9(2) B
Zvao(hg, QO,h) = {g c ZZ%O . (p/(z) < ]’LQ( )} .

Definition 5.3.2. [96] Let p € N* and he,h € H(U) with hy(0) =1, h(0) = p. We
define:

Ecpp(hg; h) = {g - Epp . (H)QO - EKpp(h) s.t. z//((zz)) < hg(z)} ,

SCpo(h) = {g €0 (A)p € SK,o(h) s.t. j,(é)) < %h(z)} .
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Remark 5.3.1. [96]

1. IfHe HU), H0) =p and h < H, then £C,o(ha; h) C XCpho(ho; H).
2. ]fHQ € H(U), HQ(O) =1 and hy < HQ, then Zijo(hg;h) C ZC%()(HQ;h).

3. ]f hl,hg,h,H € H(U) with h1<0) = hg(()) = 1, h(O) = H(O) =P, hl =< hQ and
0 € K, o(h) N SK,o(H), then

2Cp,(](hlu h?a P, h) = Ecp,()(hla h27 P, H)7
3Cpo(ha; . h) = XCpo(he; 0, H).

Next we present some particular cases for the classes defined above.

1
If p=1and hy(z) = h(z) = 1 il z, z € U, then a function ¢ is in the class
-z
YK o(h) if and only if

2" (2)
©'(2)

Re{—l— }>0,ZEU,

so, the class of meromorpic close-to-convex functions is included into the class
$C10 (1 * Z) .

A\l -z

Let o <1 <p <. We consider hy = hy 45 and h = hy o5, Where hy, o5 : U — C
is the convex function with hy,s(U) = {2z € C: a <Rez <} and h,44(0) = p.

We know that this function, h, 4 s, exists and it is obtained by composing different
well-known elementary functions. It is not difficult to see that

(5.11) YK, 0(hpas) =EK,0(a,d),

(5.12) ¥Cp0(h1.a.6:0, hpas) = XCpo(a, d;¢), where p € XK, (v, 0).
We will also use the more simply notation

(513) Ecpg(hl’aﬁ; hp,a,&) = Ecp,o(a, (5)

Theorem 5.3.1. [96] Let p € N* and v € C with Rey > p. Let hy and h be
convex functions in U with he(0) = 1, h(0) = p and let g € XCpo(ho; h). If we have
Re[y—h(z)] >0, z € U, then

G = Jp;y(Q) S ECp,O(hQ; q)7

where q is the univalent solution of the Briot-Bouquet differential equation

(p+1)2q'(2) _ oy,
Q(Z)+7_—CI(Z)—’1()7 cU,

with ¢(0) = p.
The function q is the best (p,p+1)-dominant.
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Theorem 5.3.2. [96] Let p € N*, v € C with Rey > p and hg, h be convex functions
in U with hy(0) = 1, h(0) = p and Re[y — h(z)] >0,z € U. If ¢ € XK, o(h) and
g € XCpo(ha; @, h), then

G = Jpv”/(g) € ZCnO(hQ? Jpn(ﬂp)a q),

where q is the univalent solution of the Briot-Bouquet differential equation

o(2) + (p+1)2q'(2)

pop—— =h(z), zeU,

with q(0) = p.
The function q is the best (p,p+1)-dominant.

If we consider that the conditions from the hypothesis of Theorem 5.3.1 and
Theorem 5.3.2 respectively, are met, since we know from Theorem 2.3.1 that ¢ < h,
we obtain the next corollaries:

Corollary 5.3.1. [96] Let p € N* and v € C with Rey > p. Let ho, h be convex
functions in U with hy(0) = 1, h(0) = p and let g € XCpo(ho;h). If Reh(z) <
Re~, z € U, then

G = Jp,v(g) € XCpo(ha; h).

Corollary 5.3.2. [96] Let p € N* and v € C with Rey > p. Let hy, h be convex
functions in U with ha(0) = 1, h(0) = p and Reh(z) < Re~, z € U. If ¢ € XK, o(h)
and g € XCpo(ha; @, h), then

G = Jpﬁ(g) € ECp70(h2; Jpﬁ(ﬂp)a h).

Next we present two results which concern the particular classes ¥C,(c, ¢) and
EC}D,O(Oéa 6; @)

Theorem 5.3.3. [96] Let p € N*, a,0 € R and v € C witha <1 <p < § < Ren.
If g € ¥Cp0(c,0), then
Jpy(9) € 2Cpo(cv,0).

Theorem 5.3.4. [96] Let p € N*, a,0 € R and v € C witha <1 <p < § < Renr.
If o € ¥Kp0(a,6) and g € £Cpo(av, 5 9), then

Jp(9) € XCpo(av, 6; @),
where © = J, ().

We mention that Theorem 5.3.4 was also met in section 4.3.

Lemma 5.3.1. [96] Let v > 0 and let X\ : U — C be an analytic function in U such
that sup [\(z)| = M < co. Ifp € H[1,1]NQ and p(z) + A(2)zp'(2) is univalent in
2€U

U, then

U(Lr) C {p(z) + MN2)2p/(2) : 2 €Uy = U (1, HLM> c p(U).
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Theorem 5.3.5. [96] Let m,r > 0, p € N* and v € C with Rey > p. Let hy and h
be convex functions in U such that ho(0) = 1, h(0) = p and Re [y—h(z)] > m, z € U.
Let ¢ € ¥K,o(h) and g € XCpo(h1, ha; o, h), where hi(z) = rz + 1,z € U.

/ !

Suppose that i/ is univalent in U and L(g) € Q. Then
¥

I} ()
G = Jp,ﬂ/<g) € XCpo(q1, ha; @, q),

where
¢ = Jp,'y(ﬂp)

rm
alz) = m+1
and q is the univalent solution of the Briot-Bouquet differential equation

(p+D2d'(x) _, 0y,
Q(Z)+ ’}/—Q(Z) _h()v EU,

z+1, zeU,

with q(0) = p.
The function q is the best (p,p+1)-dominant.
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